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In this paper, we present a new approach based on weighted path-following method
for a class of nonlinear problems. We are based on the notion of central path and
we use Newton’s method to resolve the corresponding nonlinear systems. The
proposed algorithm can start with any strictly feasible point, not necessary close
to the central path. The idea is to introduce weights into the barrier function. The
algorithm possesses a polynomial complexity and a global convergence. Finally,
we present some numerical experiments which show that the algorithm works

properly.
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1. INTRODUCTION

The primal dual interior point methods are originally developed to solve
linear programs [4, 5, 9, 10, 15, 21]. Their attractive theoretical and nume-
rical properties motivated researchers to elaborate extensions for more gene-
ral classes of optimization programs namely, convex quadratic programming
[8, 16, 22], linear complementarity problem [6, 14, 17], semidefinite program-
ming [2, 19], convex programming [11, 12, 18, 20] and general nonlinear pro-
gramming. For the primal-dual path-following methods we have two types of
algorithms: the feasible and infeasible algorithms. The idea used on the feasi-
ble algorithms is simple: draw a path of the centers defined by the perturbed
KKT optimality conditions. We use Newton’s method to treat the associated
perturbed equations. This type of methods possesses a polynomial complexity
and a rather simple implementation if the initial point is chosen in a neigh-
borhood of the central path. This condition of centrality is very restrictive
because generally, it is difficult to have at first a point close to the central
path, that risks to drive to the divergence of the algorithm [4, 6, 11, 14]. To
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avoid this problem, some researchers suggest starting the algorithm from an
infeasible strictly positive point. These methods are called infeasible central
path methods [1, 13].

In this paper, we propose a primal-dual feasible path-following algorithm
for solving nonlinear programming. We associate with this problem a weighted
barrier function. The perturbed problem is strictly convex. Furthermore, the
KKT conditions are necessary and sufficient. The new iterate is obtained by
Newton’s method. The algorithm can start from any strictly feasible point
without supposing that it is up to the neighborhood of the central path. Such
a point can be obtained by the use of the Karmarkar’s algorithm [3, 10].
We demonstrate the polynomial complexity of the algorithm and its global
convergence. We complete our study by numerical results.

The paper is organized as follows. We first present a description of a
primal-dual method in Section 2. We next describe a weighted path-following
method for convex programming in Section 3. The convergence results are pre-
sented in Section 4. For testing our approach, we give some numerical examples
in Section 5. Section 6 contains a general conclusion and some suggestions for
future research. We use the classical notation. In particular, R™ denotes the
n-dimensional Euclidean space with R} = {x € R" : x > 0} is the positive
orthant and R’ | = {x € R" : & > 0} is the interior of R’}.

n
Given u,v € R", uv = Y w;v; is their inner product, |u|| = Vulu is the
i=1
Euclidean norm. Given a vector x € R", X = diag(z) = diag(z1,x2,...,zy) is
the n x n diagonal matrix with X;; = x; for all ¢, whereas || X || = max]" | |z
is the maximum norm for a given diagonal matrix X. [ is the identity matrix
with order n and e is a vector in R"™ such that e; =1 fori=1,...,n.

2. A PRIMAL-DUAL CENTRAL PATH METHOD

We consider the following nonlinear optimization problem

min f(x)
(P) Az =10
x>0,

where f : R — R, is a nonlinear, convex and sufficiently differentiable func-
tion, A is a m x n matrix of a full rank row. = and b are vectors of R” and
R™ respectively.

The dual problem of (P) can be obtained as

max(bly — 'V f(z) + f(x))
(D) \ (g) —(A'y+5) =0
s > 0.
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We denote by F' = {(z,y,s) € R*"xR"xR" : Ax = b, Aly+s = Vf(z), (z,s) >
0}, the set of the primal-dual feasible points of (P) and (D). Fjp: = {(z,y,s) €
R" x R™ x R": Ax = b, Aly+ s =V f(z), (x,s) > 0}, the set of the primal-
dual strictly feasible points of (P) and (D). We associate to the problem (P)
the following perturbed problem

min f,(z) = | f(z) — p i In(x;)

(P)M Ar =b =1

x>0,
where p > 0 is the barrier term.

The KKT conditions are necessary and sufficient, and can be obtained
as follow

Aty +s=Vf(x)

Az =b
(2.1) Xs—pue=20
(x,s) > 0.

The set of all solutions {(z,,yu,su) : p > 0} of the system (2.1) is called the
central path. It is noted by C' = {(z,y, s) € Fint : XSe — pue = 0}.

We note that (z,y, s) is a primal-dual solution of (P) and (D) if and only
if (x,y, s) satisfies the equation ¥, (z,y,s) = 0 with p = 0.

Aty + s —Vf(x)

U, (z,y,s) = Ax—b )
X Se — e
where X = diag(x1,x2,...,2,) and S = diag(s1, $2,. .., Sn)-

The Newton’s direction Aw = (Az, Ay, As) is obtained by solving the
linear system V¥, + VW ,Aw = 0 which is equivalent to the following form
AAx =0
(2.2) V2f(x)Az — A'Ay — As =0
XAs+ SAx = —Xs + pe.

A point is neighbor of the central path if it belongs to the set C(0) = {(z, vy, s) €
Fint : || X Se — pe| < 0u, 6 € (0,1)}.

Basic Algorithm

Begin algorithm
Initialization
Let ¢ > 0 be a given precision and 0, 3 € (0,1); Let (2°,4°,5°) € C(6)
0_ @0 4,
and p’ = ~——; k =0.

n
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e While p* > ¢ do

k\t k
TS
— Determine (Az*, Ay"*) by solving the linear system

ka2f(1'k) + Sk _xkAt Agk _ —Xkgke 4 ,Uk+1€
A 0 Ayk | T 0

~ Compute (a%*1,y*1) = (2, yF)+ (A%, AyP); 511 = V[ (1) -
AtyFtl =k 41,
e End While

End algorithm.

Remark 2.1. In the initialization, we have supposed that (x°,%°,5%) €
C(6) that means (z°,4°, s%) is a strictly feasible primal-dual point and satis-
fies the condition || X°S% — ul| < 0u®, 0 < @ < 1. Anything guaranteed
the convergence of this algorithm even if this point is strictly feasible. This
difficulty can be surmounted by introducing weights into the barrier function.

3. A WEIGHTED CENTRAL PATH METHOD

We consider again the nonlinear problem

min f(x)
(P) Az =b
xz > 0.

We associate to (P) the perturbed problem defined as follow

min fie(2) = | f(z) ~ 32 i)

P =1
(P)ar Ax =1b
z >0,
p>0,r=(r,re,...,m)" € RT is the vector of the weights associated with

the barrier function.
The corresponding conditions of KKT are necessary and sufficient and
can be written as

Vf(x) - pX1r— Aly =0
(3.1) Az =10
x> 0.
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Set s = uX ~!7 then (3.1) is equivalent to

Aly+s=Vf(x)

Ax =10
(3.2) Xs—ur=20
(x,s) > 0.

Applying Newton’s method for (z,y, s) € F, we obtain the system

AAx =0
V2f(z)Axr — AtAy — As =0
XAs+ SAx = —Xs+ pr.

(%, Yu, su) is closed to the central path if it belongs to the set

Cr(0) = {(2,y,5) € Fins : | XSe — pr|| < 0p, 0€(0,1)}.

Algorithm

Begin algorithm
Initialization Let € > 0 be a given precision, (z°,%°,5°%) € Fi.,

|X08%||  X95%

oc="——>"; r ; n=min{r;};

Vn o

2 n

9 0 0\ pt 0
0= 1——\f n;, B=1—— and M():i(:r)Rs; k=0.
Vn

e While p* > ¢ do
k tR. k
-l = gk = gL B
— Determine (Axz*, Ay*) by solving the linear system

XkV2f(:L’k)+Sk — Xk At Az _ *Xk5k6+/£k+1’l“
A 0 AyF | 0

— Compute
(@) = (8, F) + (Ak, Ay");
Sk+1 — Vf($k+1) _ Atyk+1; k=Fk+1;

e End While
End algorithm
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4. CONVERGENCE OF THE ALGORITHM

Let (z,y,s) the solution of the system (3.2) being in the neighborhood
of the central path, that is

(ST

| X Se — pr|| = [Z(%‘Si - ,Wi)2] < 0pu,
=1
where y = %. We put = Bu, 3 € (0,1).
Let (Z,y,S) = (z,y,8)+ (Az, Ay, As), where (Ax, Ay, As) is the solu-
tion of the system
AAx =0 (a)
(4.1) AtAy + As = V2f(x)Axz  (b)
XAs+ SAzx = —-Xs+pur (c).

Taking D = (XS_l)% and AX = diag{Az1,Axs,...,Ax,). To prove the
convergence of our algorithm we need the following lemmas:

LEMMA 4.1. For n = minr; and (x,y,s) € Cr(0) such that 0 < 6 < 1,

we have H(XS)*%H < \/(771*79)11 forn > 6.

Proof. (z,y,s) satisfy the condition ||XSe — pr| < Ou, then

n

2
|isi — pri| < [Z(%’Si - /m')2] = || X Se — pr|| < 0
=1

= (ri—0)p <xis < (ri +0)u

= (235) Y2 < (ri — )V < (g — 0)7V2 Y2

= sy H) —max{ L} < L. ©

Vasi) T /=0
LEMMA 4.2. Let z = (XS) 2(—Xs+Jir), 6 = (1—B)yn, 0 < B < 1
and p = %, then
(02 +62)p
(n—10)
Proof. |l2I* = [[(X$)~2(ir — XSe)||" = [|(XS)~2[(ur — XSe) + (-

2 2152
wrl||* < 5 (0262 + (1= B)%n] (by Lemma 4.1); |2 < /T Hln O

2]l <
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LEMMA 4.3. For (z,y,s) € Cy(0), we have

(0%+62
1) | XSe —fir]| < 2(77:2§0))M;
#'Rs _ ~ 0>+
2) [ —af < zf(n 2v/n(m—0)*

Proof. 1) By equation (4.1.c), we have DAs + D™'Ax = z, that is
SAsi+ /Ay = fritis; T
We put u; =, /?ZASi then u = DAs, v; = %Amz then v = D~ 1Ax.

We have u; + v; = z;, T;8; — pr; = Ax;As;, then XSe — ur = AXAs,

S| = |Sananr| =S|

=1 i=1

%8 — r] =

=1

We have > (uv4)? < <Z uivi) = [Z(uzvz)z] < > uivg,
i=1 '
1
2

n
H)A(§€ — ﬁrH < Zuivi <

=1

2) |25 | = u — 3[aRs - firtr] = 4] S dir M—
N ~ AN 02 62 N
%’rt(XSe - Mr)| < % |7l HXSe /MH < 2f'(:7 é)u O
Z'Rs -~ (62462)
Remark 4.1. By Lemma (4.3), we have | % — | < Sy M then
_ 52 ot e 2 _
(4.2) 1_(9 9)* 4 26m ,UfoRSS 1+(9—|—5) 26m "
n(n — n n(n —
2y/n(n —0) 2y/n(n —0)

Conditions on the choice of the parameters

1) In order to stay in the neighborhood of the central path we have from
Lemma (4.3)
(62 + 62)
7/4
2(n —0)
so it is necessary that the following condition is satisfied
62 + 62
2(n—0)

2) We must have %Rg < C’% with C < 1.

HXSe—A H <

< f0.
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From (4.2), we have Z Rs < (1 + %) i, then

(6 +0)% —26n
2v/n(n —0)

We have the following conditions

< 0.

n >0

02 + 52 1)
(4.3) 20— 6) <1 - \/ﬁ> ’
(04 6)2 — 201
2y/n(n —0)

We only give a simple solution of the system (4.3), let § = §, thus we obtain

< 0.

—(2vn+n)0+nyn >0
(4.4) b

We can verify easily that for 0 < # < %, both conditions of the system (4.4)
are satisfied.

Now, we want to find the optimal value of 6 in the sense that the quantity
% decreases most rapidly. In other words, under conditions (4.4), we make

the term 1 + (Zj_/@( 25)77

g(0) = 26 _"9 . We have ¢'(0) = —20°+4n0 1

(n—0)
The unique critical point of g in the interval (0, 7) is (1 — ?)

more, we have ¢”(0) = % > 0, then 6* = (1 — @) 7n is a global minimum

of g in (0,7).
We present now the results of convergence of our algorithm in the fol-
lowing theorems.

as small as possible. For this, we define the function

7, further-

THEOREM 4.1. Let 0 = 6 = ( %) n, let us suppose that (x,y,s) €

Cr(0) and i1 = B such that B = = xTRS then
1) (z,¥,5) € Cr(0);

2) J:Rs < (1_7> J:tTIL%s_

_ﬁ’

Proof. 1) Under the previous conditions, we have H)? Se — ﬁrH < 0.
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It remains to satisfy the condition (Z,5) > 0. We have

|28 — firs| < || XSe - fir|| < 0R

0 <Z;8—pri <O0p= (ri—0)n<z;8, < (ri +0)1
Zis; > (ri —0)iw > (n— 0)n > 0 since n > 0,

then 7; and 5; have the same sign. We suppose that 7; < 0, 5; <0
Ti=x; + Az, = Aoy =7; —x; <0
|A{L‘Z‘ = Az, =2 —Ti > —T; = |—f1| = |Al’z| > |—fL'\1| .
In the same way, we have |As;| > |—5;].
Then Al’iASi = (— ’Alﬂ)(— ‘ASZD = |sz‘ ‘ASZ‘ > ‘—53\1‘ ’_§z| = ‘/.’L'\Zgz‘ =
@é}(&?@ > 0), Ax;As; > 53\7;9\2
We have Z;5; — ur; = Ax;As; < Z;8; contradiction, then z; > 0, 5; > 0.
2) We have g(6*) = —(v2 —1)*n < -,
1
C=1+—g0)<1-——=
\/ﬁg( )<1l-g \F
THEOREM 4.2. Let ¢ > 0 be a given precision. Suppose that the algo-
rithm generates a sequence of iterates (z*,y*, s¥) that satisfies (x*+1)*RsF 1 <

(1 - V) () Rs® forn > 0, then there exist K with K:O[\/ﬁln(wﬂ
such that (z*)!Rs* < ¢ for all k > K.

Proof. For such k we have ( k< < 7)
Wehaveln( YR )<k1n< 7) n ((z°)'R )
ln(( < >+ln(( 9Rs%)  (In(1+B) < Bfor B> —1)
k ( 6f> +In ((z°)'Rs%) < In(e),

e

k> K = [G*fln <(x0>tRSO>] . O

5. NUMERICALS RESULTS

Recall that the examples treated are of the following form
min f(x)
(P) Az =0
x>0,

where f is a nonlinear, convex and differentiable function.
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Ezample with fized size

The below examples are taken from literature [7].

Example Total number of iterations Optimal value
Example 1 48 -6.534002
Example 2 50 -3.051993
Example 3 44 2.184359
Example 4 139 0.800000

Remark 5.1. Total number of iterations concerns the number of iterations
of strictly feasible primal solution, strictly feasible dual solution and primal-
dual optimal solution.

Ezample with variable size (Erikson’s problem 1980). We consider the
following convex program

n
min{f(:c) =Y x;In (%)}
i=1 ’
Ti + Tivm = b; i=1,....,m, n=2m

x>0,

where a; € R’ and b; € R are fixed. We have tested this example for different
value of n, a; and b;.

Case 1 (a; =1, b; = 6)

Size (n) Total number of iterations Optimal value
10 32 32.958355
20 31 65.916847
30 31 98.874969
48 31 158.200394

Case 2 (a; =2, b; =4)

Size (n) Total number of iterations Optimal value
10 28 0.000008
20 25 0.000003
30 23 -0.000009
48 23 0.000001

Case 3 (a; =10, b; = 1)

Size (n) Total number of iterations Optimal value
10 32 -14.978663
20 31 -29.957319
30 31 -44.935986
48 32 -71.897545
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6. CONCLUSION

In this paper, we have proposed a primal-dual interior point method
for a class of nonlinear convex programming. These methods are efficient for
solving large size problems. Unfortunately, its inconvenient is the initialization
concerned by the determination of an initial strictly feasible point nearby the
central path. Theoretically, we suppose known this point, but, numerically, to
obtain this point we propose to use Karmarkar’s algorithm.

The introduction of weights has entrained a flexibility in the choice of the
initial solution and thus, in the choice of the path to be followed. Furthermore,
the performances of the algorithm are preserved specially the arithmetical
complexity. Numerically, we have presented several examples to appreciate
the theoretical results. In the future, our efforts will be concentrated on:

— The choise of the weight which has an influence on the global complexity
of our algorithm.

— How to choose an appropriate step length in the Newton iteration to
acheive good practical performance.

— The introduction of new search directions to improve the complexity
of the algorithm.
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