SOME SUBCLASSES OF MULTIVALENT
ANALYTIC FUNCTIONS INVOLVING
A GENERALIZED DIFFERENTIAL OPERATOR

C. SELVARAJ and K.A. SELVAKUMARAN

By using a generalized differential operator, defined by means of the Hadamard
product, we introduce some new subclasses of multivalent analytic functions in
the open unit disk and investigate their inclusion relationships. Some integral
preserving properties of these subclasses are also discussed.
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1. INTRODUCTION AND PRELIMINARIES

Let A, denote the class of functions f(z) of the form
o0
(1) flz) =27+ an?™, peN={1,2,3,..},
n=1

which are analytic in the open unit disk U = {z € C : |2| < 1}. For functions
f given by (1) and g given by

oo
g(z) = 2 + Z b 2Pt

n=1

the Hadamard product (or convolution) of f and ¢ is defined by

(F*9)(2) = 27+ anbnz"*.

n=1

Let f(z) and g(z) be analytic in U. Then we say that the function f(z)
is subordinate to g(z) in U, if there exists an analytic function w(z) in U with

w(0) =0, Jw(z)<l, =ze€0U,
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such that
f(z) = g(w(z)), zeU.

We denote this subordination by f(z) < g(z). Furthermore, if the function g(z)
is univalent in U, then f(z) < g(2), z € U < f(0) = ¢(0) and f(U) C ¢g(U).

Let P denote the class of analytic functions h(z) with h(0) = 1, which
are convex univalent in U and for which R{h(z)} >0, z € U.

Let a1, o9, ...,q and 1, (2, ..., Bs (¢, s € NU{0}, ¢ < s+1) be complex
numbers such that 8y # 0,—1,—-2,... for k € {1,2,...,s}. The generalized
hypergeometric function ,Fj is given by

Zoo(a)(a) (ag)n 2"
1 ) - e -
qFS(a17a27"')aq;ﬂlyﬂZa"'7/63;2): n “ enz ZG]D),

= (Bun(B2)n - - (Bs)n !
where (z),, denotes the Pochhammer symbol defined by
(@) =z(x+1)(x+2)---(z+n—1) for n € Nand (z)y = 1.
Corresponding to a function G} s(aq; B z) defined by
(2) GP (@1, P13 2) = 2P  F(an, an, ..., aq; B, Bas - ., Bi 2),

where a1 = (a1, as,...,a4) and Bf = (61,P2,...,0s), C. Selvaraj and K.R.
Karthikeyan [11] recently defined the following generalized differential operator
D])ij(alaﬂl)f : Ap - -Ap by

DY, B1) f(2) = f(2) = GP (a1, Br ; 2),
DY (an, B1) f(2) = (1= M) (f(2) * G (a1, 513 2)) + ;zu‘(z) «GP (a1, 0132)),

(3) DY (o, 1) f(2) = DN (D™ (0, 1) £ (2)),
where m € Ng = NU {0} and A > 0.
If f(2) € Ap, then we have

(4) DY™(on, B1)f(2) =27+

n=1

<p + )\n)m (a1)n(a2)n ... (g)n " Zptn
p BB - By 7"l

It can be seen that, by specializing the parameters the operator DY (av, 51)
reduces to many known and new integral and differential operators. In par-
ticular, when m = 0 and p = 1 the operator D’;\’m(al, (1) reduces to the well
known Dziok-Srivastava operator [3] and for p=1,¢=2,s=1, oy = 1 and
ag = 1, it reduces to the operator introduced by F. Al-Oboudi [1]. Further we
remark that, whenp=1,¢=2,s =1, a; = 1, as = 1 and X\ = 1 the operator
DY (o, B1) reduces to the operator introduced by G.S. Salagean [10].
It can be easily verified from (4) that

(5) Az(DY™ (o, B1)f(2)) = pD],{’mH(Oél, B1)f(z) —p(1=XN)DY" (a1, B1) f(2)
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and
(6) 2(DY™ (e, 81) f(2)) = a1 DY™ (1 +1, 1) f(2) — (c1—p) DY (an, 1) f (2).
Throughout this paper, we assume that p,k € N, ¢, = exp(%”) and

() f% (e, B 2) Zs‘”’ (DY™ (a1, B1)f(e}2) = 2P+, [ €A,

Clearly, for &k = 1, we have
w1 (a1, Bisz) = DY (an, Br) f(2)-
We now introduce the following subclasses of analytic functions.

Definition 1.1. A function f € A, is said to be in the class Sy} (a1, 813 h),

if it satisfies

(8) 2(DY" (a1, 1) f(2))
pfyy (a1, B1; 2)

where h € P and ff;?(al,ﬂl; z) #0, z e U.

< h(z), =zel,

Remark 1.1. If we let m = 0, then Sy} (a1, 15 h) reduces to the function
class S (a1; h) introduced and investigated by Z.-G. Wang, Y.-P. Jiang and
H.M. Srivastava [14].

Remark 1.2. If welet m=0,¢g=2,s=1, a1 =a, as =1 and 1 = ¢,

then Sy (o, B1; h) reduces to the function class T,k (a, ¢; h) introduced and
investigated by N.-E. Xu and D.-G. Yang [15].

Remark 1.3. f welet m=0,p=1,¢g=2,s=1, a1 = /1 and as = 1,
then SV (v, B1; h) reduces to the known subclass Sgk)(¢) of close-to-convex
functions with respect to k-symmetric points, introduced and studied recently

by Z.-G. Wang, C.-Y. Gao and S.-M. Yuan [13].
Remark 1.4. Let h(z) = 1J_r§ andlet ¢ =2,s5s=1, a1 = /1 and ay = 1.

Then SA 2(a1,ﬁ1, h) = S%. The class S of functions starlike with respect to
symmetric points has been studied by several authors (see [8], [9], [16]).

Definition 1.2. A function f € A, is said to be in the class ICI;\’}?(al, B1; h),

if it satisfies
2(DY™ (o1, B1) f(2))'
(9) 7o :
pg)\,k (041, ﬂh Z)
for some g(z) € Sf\):zn(oq, B1;h), where h € P and gﬁ’}?(al, B1;z) # 0 is defined
as in (7).

< h(z), zel,
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Remark 1.5. f welet m=0,p=1,g=2,s=1, a1 = /1 and ay = 1,
then K07 (o, B1;h) reduces to the known subclass Cgk)(@ of quasi-convex

functions with respect to k-symmetric points, introduced and studied recently
by Z.-G. Wang, C.-Y. Gao and S.-M. Yuan [13].

Definition 1.3. A function f € A, is said to be in the class QCZ;”Z‘((S; at,
B1;h), if it satisfies
2(DY™ (a1, 1) f(2)) 5Z(D§’m(0¢1+1, B1)f(2))
D,m . p,m .
pg)\7k (a17ﬂlaz) pg)\7k= (()[1+1,,81,Z)
for some 0, 6 >0 and g(z) € Sy} (a1, f1; h), where he P and ¢} (a1, B1; 2) # 0.

(10) (1—0) < h(z), zel,

Remark 1.6. If welet m=0,p=1,¢q=2,s=1, a1 = {1 and ag = 1,
then QCI)D\’;:((S; aq, f1; h) reduces to the known subclass chk)()\, @) of §-quasi-
convex functions with respect to k-symmetric points, introduced and studied
recently by S.-M. Yuan and Z.-M. Liu [17]. Further if we set,
14z
S 1-z
then QC’;\’;:((S ; a1, B1; h) reduces to the familiar class of quasi-convex functions
which was introduced and studied earlier by K.I. Noor [7].

m=0,p=k=1,¢=2,s=1, a1 =01, aa =1, 6 =1 and h(z)

We need the following lemmas to derive our results.

LEMMA 1.7 ([5]). Let B and ~y be complex numbers and let h(z) be analytic
and convexr univalent in U with M{Bh(z) +~v} > 0, z € U. If q(2) is analytic
in U with q(0) = h(0), then the subordination

2q'(2)
q(z) + Ga(2) + 7 <h(z), 2z€U
implies that
q(z) < h(z), =ze€l.

LEMMA 1.8 ([6]). Let h(z) be analytic and convex univalent in U and let
w(z) be analytic in U with R{w(z)} > 0, z € U. If q(z) is analytic in U with
q(0) = h(0), then the subordination

q(z) +w(2)2¢'(2) < h(z), 2z€U

implies that
q(z) < h(z), =ze€l.

LEMMA 1.9. Let f(z) € Sf:;n(al,ﬁl;h). Then
z(fyy (ar, B 2))
pfyg (a1, Bi; 2)

(11)

h(z), =zel.
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Proof. For f(z) € A,, we have from (7) that

f\):lzn(ahﬂl;ek kZC’*npr’ (o, B1) f (e} 2)

jp k—1

5k Z —(n+j) pr7 a1,ﬂ1)f(EZ+jZ)

_% Ak(al,ﬁl, z), j€{0,1,....;k—1}

and
=N '
(f3r (an, Br;2) = T Zc’i(lip)(Df)\’m(Oél,ﬁl)f(%z))/~
j=0
Hence
2 (e, B1;2)) 152 2P (DP™ (g, By) f(EL2))
(12) pf,l\): (O[la/glv %Z pff:]:;n(alvﬂlaz)

1 pDpP™ Jo\Y
1 1 &l 2 Apmgom&)f(skz)) C.ew
k= pfyy (e, B3 2)

<

Since f(z) € Sy} (ou, Br; h), we have

12 (DX (1, B1)f (5]2))
pfVe (e, B eg,2)

(13) < h(z), forje{0,1,...,k—1}.

Noting that h(z) is convex univalent in U, from (12) and (13) we conclude
that (11) holds true. O
2. A SET OF INCLUSION RELATIONSHIPS

THEOREM 2.1. Let h(z) € P with

aq

}, zelU, A>1.
p

(14) R{h(2)} > max {1 - % -

Then

SET o+ 1, B k) € SE(en + 1,813 h) € ST (@, B ).
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Proof. From (5) and (7), we have

(15) (1= N (o, s 2) + f(ff;,@"ml,ﬁl;z))’ _

N
—

ex (DY (an, B1) f(e)2)) = f:]T+1(0‘17ﬁ1§ z).

| =
Il
()

J

Let f(z) € Sf:?“(al + 1,015 h) and
2Ry (e + 1, B152))
pfig (a1 +1,6152)

Then w(z) is analytic in U, with w(0) = 1 and from (15) (with «; replaced by
a1+ 1) and (16) we have

(16) w(z)

A ar +1, 815 2)
(17) 1—XA+ A w(z) = szn(al TG
Differentiating (17) with respect to z and using (16), we get
2w’ (2) Z(ff:;TH(Oél +1,5152))
21 =X+ pw(z) B pfg\’:;”“(al +1, 515 2)

From (18) and Lemma 1.9 (with a; replaced by a; + 1) we note that

(18) w(z) +

2w’ (2)
51 =2 +puw(z)
In view of (14) and (19), we deduce from Lemma 1.7 that
(20) w(z) < h(z), =zel.

(19) w(z) +

< h(z), zel.

Suppose that

L S AYO))
pfg (e +1,8152)
Then ¢(z) is analytic in U, with ¢(0) = 1 and we obtain from (5) (with

replaced by a; + 1) that
(21)

P @1, B )al) = 3 DP a1 5 f )+ (15 ) D (11,601 2),

Differentiating both sides of (21) with respect to z, we get
(22)

@+ (p(3 1) S L Z))/) () AP o1, 605
2q'(z —— — = - .
4 b A fjk (Oél—i-l,ﬂl;Z) 4 )‘f,;\):k (alvﬂl;z)
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Since f(z) € Sf:;nﬂ(al +1,01;h), we find from (15) (with a; replaced by
a1 + 1), (16) and (22) that

2q(z) DY+ 160 f(2))
R =)+ pw(z) pfg\’:;”“(al + 1,515 2)
From (14) and (20) we observe that

‘ﬁ{%(l - ) —|—pw(z)} > 0.

Therefore, from (23) and Lemma 1.8 we conclude that
q(z) < h(z), z€U
which shows that f(z) € Sf”zl(al + 1,061 h).

To prove the second inclusion relationship, we now let f(z) € SY}" (a1 +
1,01;h) and set

(23) q(2) + < h(z), ze€l.

o) = AP @180
pf (a1, Bis2)
Then, by using a similar argument as detailed above, it follows from (6) and
Lemma 1.8 that
s(z) < h(z), zel.
This implies that f(z) € Sf\’:zn(al,ﬁl; h). O

THEOREM 2.2. Let h(z) € P with

(24) %{h(z)}>max{1—;,1—a1}, zeU, A>1
p
Then
(25) K’;\:ZHl(al +1,061;h) C ICI;\:ZL(al +1,081;h) C Kﬁ:;n(al, B1;h).

Proof. We only prove the first inclusion relationship in (25), since the
other inclusion relationship can be justified using similar arguments.
Let f(z) € ICZ;\’?H(al + 1,51;h). Then there exists a function g(z) €

Sf’kmﬂ(al + 1, B1; h) such that
Z(D§7m+1(a1 + 1,/61))/ .
pgir o + 1, 51: 2)

An application of Theorem 2.1 yields g(z) € Sy} (a1 +1, 815 h) and Lemma 1.9
leads to

(26) h(z), ze€U.

algy (a1, B 2))
27) ) = T a1, B 2)

h(z), =zel.
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bt (DY (ar + 1, 1) ()
(DY (e + 1, 81) f(2)
#z) = Py (1 +1,B152)

By using (5) (with a; replaced by a1 + 1), q(2) can be written as follows

(28) gy (o1 + 1, B152)¢(2) = %Di’mﬂ(al +1,81) f(2)+

T <1 — /\> DY (a1 +1,51) f(2).

Differentiating both sides of (28) with respect to z and using (15) (with f
replaced by g and oy replaced by a3 + 1), we get

() AR en+ 1, Bif(2))
RO-N+p0:)  pgit (@ +1,052)
nd (29) we find that

2¢/(2)
) MR ETTE
Combining (24), (27) and (30), we deduce from Lemma 1.8 that
¢(z) < h(z), zelU
which shows that f(z) € ng’yzl(oq + 1, 51; h) with respect to g(z) € szzn(al +
1,61;h)). O

(29) ¢(2) +

Now, from (26) a

h(z), =zel.

THEOREM 2.3. Let h(z) € P with R{h(2)} > {1 - <}, 2 € U. Then
QCYY (02501, B13h) C QCY ! (01501, Bz h), 0 < d1 < do.
Proof. From (6) and (7 ), we have
(31) (061 Pk (a, Brsz) + 2(fY (a1, Br; 2)) =

=on Ze‘ﬂ” DY™(on + 1, B1) f(e12)) = an 7 (a1 + 1, Bi; 2).

Let f(z) € QCZ;\’ZL((SQ; a1, 31;h). Then there exists a function g(z) in the class
Sﬁ’:?(al, B1; h) such that
2(DY™ (a1, B1) f(2))' ) (Dp’m(a1+1 B1)f(z))

Py (a1, B1; 2) Py (a1+1, 1 2)
Furthermore, it follows from Lemma 1.9 that

2(gyy (e, Bi; 2))

(33) V(Z) = Dy -
pg)\Jg (0517 617 Z)

(32) (1-02)

< h(z), zeU.

< h(z), zel.
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We now set

)= 2(DY™ (a1, B1) f(2))
39 ele) = poyy (a1, Bi;z)

Then ¢(z) is analytic in U, with ¢(0) = 1. By using (6), ¢(z) can be written as

(35) A, 013 2)p(z) = DR (o +1, 51) (=) -

_<1 _pal)Di’m(oq,ﬁl)f(Z)-

Differentiating both sides of (35) with respect to z and using (31) (with f
replaced by g), we find

- Z(’Dl(z) . Z(D§7m(a1 + 1,ﬁ1f<2))/
(36) o(z) + ar—p+pP(z)  poiy(ar+1,6152)
Equivalently,
61 ee) 2@ g2 DA S,

ar —p+py(z) payy (a1, Bi; 2)

2(DY™ (a1, B1) f(2)) < h(2).

+ 02
PNy (a1 +1, 515 2)

Since v(z) < h(z) and iiﬁ{p h(z) + a1 —p} >0, z € U, it follows from (37)
and Lemma 1.8 that ¢(z) < h(z), z € U.

Since h(z) is convex univalent in U and 0 < g—; < 1, we deduce from (32)
and (34) that

2(DY" (a1, B1) f(2)" | o 2(DX™ (a1 +1,51)f(2))

1-9 o +46 = —
( ) pgﬁ’,k (a1, P13 2) ! pgiik (a1 +1,B1;2)
Dp’m / DP,m 1 /
_ 51<(1 _ 52)2( Apémﬁﬁf(@) +522( )\pﬂgal +1,61)f(2)) >+
92 PNy (a1, Br;2) PNy (a1 +1, 513 2)

+(1 - 2) 0(2) < h(2).

Thus f(z) € QCYY (615 a1, B1; h) which completes the proof of Theorem 2.3. [
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3. INTEGRAL OPERATOR

In this section, we consider the generalized Bernardi-Libera-Livingston
integral operator F'(z) defined by (cf. [2] and [4])

(38) F(z)= 4P / Telpdt, fe Ay, e —p.
0

ZC

It is easy to verify that, F'(z) € A, p-valent (cf. [12]) and

39) F(z) = (zp + i C“’zp+"> v £(2)

c+p+n
= zp—|—z crp ap 2P feA, ¢c>—p.
“cHptn ’ P
We first prove

THEOREM 3.1. Let h(z) € P and
R
R{h(z)} > max{ ,—Z()c)} , 2z€l,

where ¢ is a complex number such that R(c) > —p. If f(z) € Sf(:;”(al,ﬂl; h),
then the function F(z) defined by (38) is also in the class Sy} (v, Bu; h).

Proof. Let f(2) € Sy} (a1, B1;h). Then from (38), (39) and R(c) > —p,
we note that F'(z) € Ay, p-valent and
(40) (c+p)DY™ (o, 1) f(2) = DY F(2) + 2(DY™ (o, 1) F(2))
Also, from the above, we have
(41) (c+p) Ay (a1, Bri2) =

k—
%Z P(eDR™ (s B F(42) + 4 2(DY " (o, ) F(242))) =
j=0

= cF{y (an, Bi; 2) + 2(FYy (ea, Brs 2)).
Let
2(FYy (o, Br; 2))f
(=) = p Y (a, Brsz)
Then 9J(z) is analytic in U, with J(0) = 1 and from (41) we observe that
Ve (o1, 15 2)
Fy(an, Brs )

(42) pi(z) +c=(c+p)
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Differentiating both sides of (42) with respect to z and using Lemma 1.9,
we obtain

29'(z) A Ve (a1, B152))
p0) e p AT Bri2)

In view of (43), Lemma 1.7 leads to ¥(z) < h(z).
If we let

(43) 9(z) + < h(2).

_ 2(DY" (e, B1)F(2))
(=) = pFYy (e, Br; 2)

then ®(z) is analytic in U, with ®(0) = 1 and it follows from (40) that

(44)  FY(an, Br;2)@(2) = C;p DY, 1) f(2) — §D§7m(a1;/81)F(z)-

Differentiating both sides of (44), we get
2(FYy (o, B15 2)) a(2)
m z) =
F}Z\):k (alv /81; Z)
ADY"(an, B f(2))  2(DY" (e, B1)F(2))
pF)Z:’]Zn(alvﬁl;Z) pF,I\):]T(al)ﬁl;z) '

2®'(2) +

= (c+p)

Equivalently,

(45) 2@/ (2) + (pd(2) + ¢)@(2) = (c + p)Z(fl/}:f’;&o(ﬂozlﬂng)) .

Now, from (42) and (45) we deduce that
2@'(2) _ ctp (DY, 1) f(2)
pd(2) +c  pi(z)+c  pFY(ar,fr;z)

_ 2(DY™ (a1, 1) f(2))
B p [k (e, B 2) <h(z).

Combining, R{h(z)} > max {0, —%C)} and ¥(z) < h(z) we have R{pJ(z) +
c} >0, z € U. Therefore, from (46) and Lemma 1.8 we find that ®(z) < h(z),
which shows that F(z) € Sy} (ou, B1;h). O

(46) P(z) +

By applying similar method as in Theorem 3.1, we have
THEOREM 3.2. Let h(z) € P and
R(c)

R{h(z)} > max {0, - } , z€U, R) > —p.
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If f(2) € Kg:?(al,ﬁl; h) with respect to g(z) € Sf\):?(al,ﬂl;h), then the func-
tion

F(z) = Ctp/ 1 (1) dt
z 0
belongs to the class Kﬁ:?(al,ﬂl; h) with respect to
G(z2) = c;p/ e g(t)dt,
0

provided that Gﬁ’?(al,ﬂl; z) #0, z€U.

[1]
2]
[3]
[4]
[5]
[6]
[7]
8]
[431
(1]
(12]

(13]

(14]

Acknowledgement. The authors thank the referees for their valuable comments and
helpful suggestions.

REFERENCES

F.M. Al-Oboudi, On univalent functions defined by a generalized Salagean operator. Int.
J. Math. Math. Sci. 25-28 (2004), 1429-1436.

S.D. Bernardi, Convex and starlike univalent functions. Trans. Amer. Math. Soc. 135
(1969), 429-446.

J. Dziok and H.M. Srivastava, Classes of analytic functions associated with the gener-
alized hypergeometric function. Appl. Math. Comput. 103 (1999), 1, 1-13.

R.J. Libera, Some classes of reqular univalent functions. Proc. Amer. Math. Soc. 16
(1965), 755-758.

S.S. Miller and P.T. Mocanu, On some classes of first-order differential subordinations.
Michigan Math. J. 32 (1985), 2, 185-195.

S.S. Miller and P.T. Mocanu, Differential subordinations and inequalities in the complex
plane. J. Differential Equations 67 (1987), 2, 199-211.

K.I. Noor, On quasiconvex functions and related topics. Internat. J. Math. Math. Sci.
10 (1987), 2, 241-258.

S. Owa, Z. Wu and F.Y. Ren, A note on certain subclass of Sakaguchi functions. Bull.
Soc. Roy. Sci. Liege 57 (1988), 3, 143-149.

K. Sakaguchi, On a certain univalent mapping. J. Math. Soc. Japan 11 (1959), 72-75.
G.S. Salagean, Subclasses of univalent functions. Complex Analysis — Fifth Romanian-
Finnish Seminar, Part 1 (Bucharest, 1981), 362-372, Lecture Notes in Math. 1013,
Springer, Berlin.

C. Selvaraj and K.R. Karthikeyan, Differential sandwich theorems for certain subclasses
of analytic functions. Math. Commun. 13 (2008), 2, 311-319.

H.M. Srivastava and S. Owa (Eds.), Current topics in analytic function theory. World
Sci. Publishing, River Edge, NJ, 1992.

Z.-G. Wang, C.-Y. Gao and S.-M. Yuan, On certain subclasses of close-to-conver and
quasi-convex functions with respect to k-symmetric points. J. Math. Anal. Appl. 322
(2006), 1, 97-106.

Z.-G. Wang, Y .-P. Jiang and H.M. Srivastava, Some subclasses of multivalent analytic
functions involving the Dziok-Srivastava operator. Integral Transforms Spec. Funct. 19
(2008), 1-2, 129-146.



13 Some subclasses of multivalent analytic functions 55

[15] N.-E. Xu and D.-G. Yang, Some classes of analytic and multivalent functions involving
a linear operator. Math. Comput. Modelling 49 (2009), 5-6, 955-965.

[16] D.-G. Yang and J.-L. Liu, On Sakaguchi functions. Int. J. Math. Math. Sci. 30 (2003),
1923-1931.

[17] S.-M. Yuan and Z.-M. Liu, Some properties of a-convex and a-quasiconvex functions
with respect to n-symmetric points. Appl. Math. Comput. 188 (2007), 2, 1142-1150.

Recetved 12 February 2009 Department of Mathematics
Presidency College (Autonomous)
Chennai-600 005, India
pamc9439Q@yahoo.co.in
selvaal826@Qgmail.com



