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1. INTRODUCTION

Beside the well known Wolfe dual [10], Mond and Weir [14] proposed a
number of different duals for nonlinear programming problems with nonnega-
tive variables and proved various duality theorems under appropriate pseudo-
convexity / quasi-convexity assumptions.

The study of second order duality is significant due to the computational
advantage over first order duality as it provides tighter bounds for the value
of the objective function when approximations are used [7, 9, 12, 19]. Man-
gasarian [9] considered a nonlinear programming and discussed second order
duality under inclusion condition. Mond [12] was the first who present second
order convexity. He also gave in [12] simpler conditions than these of Man-
gasarian using a generalized form of convexity which was later called second
order convexity by Mahajan [8] and bonvexity by Bector and Chandra [3].
Zhang and Mond [20] established some duality theorems for second-order du-
ality in nonlinear programming under second order B-invexity or generalized
second-order B-invexity, defined in their paper. In [2, 14] it was shown that
second order duality can be useful from computational point of view, since one
may obtain better lower bounds for the primal problem than otherwise. The

REV. ROUMAINE MATH. PURES APPL., 52 (2007), 6, 619-630



620 Anton Batatorescu, Vasile Preda and Miruna Beldiman 2

case of some optimization problems that involve n-set functions was studied
by Preda [17].

The case of higher-order symmetric duality for nondifferentiable multiob-
jective programming problems was considered by Chen [4]. Here, the duality
results are given under higher-order F-convexity or generalized higher-order
F'-convexity assumptions.

In this paper, we start by defining in Section 2 the higher-order (F, p,~, b)-
convexity and generalized higher-order (F, p,~,b)-convexity. In Section 3 we
formulate a pair of symmetric higher-order multiobjective programming prob-
lems considered by Chen [4], where each of the objective function contains a
support function of a compact convex set. Relative to the classes of functions
introduced in Section 2, under appropriate higher-order (F, p,~y,b)-convexity
conditions, where F' is not necessary a sublinear function, we prove the higer-
order weak, higher-order strong and higher-order converse duality theorems
related to a properly efficient solution.

2. NOTATION AND DEFINITIONS

We denote by R™ the n-dimensional Euclidean space, and by R its
nonnegative orthant. Further, R} ={z € R | z > 0}.

n
For any vectors z € R", y € R", we denote: 2"y = > zu;.

=1
Let C C R"™ be a compact convex set. The support function of C' is
defined by

s(x | C’):max{:cTy | yEC}.

Being convex and everywhere finite, it has a subdifferential [18], that is, there
exists z € R™ such that

s(y|C)>s(x|C)+2z" (y—x) forallyeC.
The subdifferential of s (z | C) is given by
83(3:\C):{ZGC|sz:s(x\C’)}.
For any set D C R", the normal cone to D at a point = € D is defined by
ND(:L‘):{yG]R” ly" (z—2) <0, for allzeD}.

For a compact convex set C' we obviously have y € Ng(x) if and only if
s(y | C)=aTy, or equivalently, if z € ds (y | C).
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Let us consider H : R" — RP, G : R™ — R?, and X C R™. We define the
multiobjective programming problem

(P) minimize H(x)
subject to G(z) >0, z € X

We denote the set of feasible solutions of (P) by P, that is,
P={zxeX|G(zx)>0}.

Definition 2.1. A vector z € P is an efficient solution of (P) if there exists
no other z € P such that H(z) — H(x) € RE\ {0}, that is, H;(z) < H;(z) for
all i € {1,...,p}, and for at least one j € {1,...,p} we have H;(z) < H;(Z);
Z € P is said to be a weak efficient solution of (P) if there exists no z € P
such that for all i € {1,...,p}, H;i(z) < H;(Z).

Definition 2.2. An efficient solution z € P of (P) is properly efficient,
if there exists a positive number M such that, whenever H;(z) < H;(Z) for
xePandie{l,...,p}, there exists j € {1,...,p} such that H;(z) > H;(z)

(o) H, @ = M-

We denote by V f(Z) the gradient vector at = of a differentiable function
f:RP — R, and by V2f(z) the Hessian matrix of f at Z. For a real-valued
twice differentiable function ¥ (x,y) defined on an open set in RP x RY, we
denote by V.1 (Z,y) the gradient vector of 1) with respect to z at (Z,y), and
by Vit (Z,7) the Hessian matrix with respect to = at (z,7). Similarly, we
may define V4 (Z,7), Va0 (Z,9) and V¢ (Z,7) .

Let us consider a function F': X x X x R” — R (where X C R") with
the property that for all (z,y) € X x X, we have

and

(i) F (z,y; - ) is a convex function,

(i) F (z,y;0) > 0.

If F satisfies (i) and (ii), we obviously have F'(x,y;—a) > —F (z,y;a)
for any a € R™.

Let us consider, for example, F (x,y;a) = ||la| + ||a||*, where a depends
on z and y. This function satisfies (i) and (ii), but it is neither sub-additive,
nor positive homogeneous, that is, the relations

(i) F(z,y;a+b) < F(x,y;a) + F (z,y:b),

(i) F(z,y;Aa) = AF (z,y;a)
are not fulfilled for any a,b € R™ and A € R, A > 0.
We may conclude that the class of functions that verify (i) and (ii) is

more general than the class of sub-linear functions with respect the third ar-
gument, i.e. those which satisfy (i') and (ii’). We notice that till now, most
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results in optimization theory were stated under generalized convexity assump-
tions involving functions F' which are sub-linear. The results of this paper are
obtained by using weaker assumptions with respect to the function F.

Let us consider functions b : X x X - Ry, d: X xX - R, v: X xX —
R%, and a number p € R. Further, we suppose that F' : X x X x R" — R
satisfies (i) and (ii) and that ¢ : X — R and h : X x R™ — R are differentiable
functions. We introduce in the subsequent definition the class of higher-order
(F, p,~,b)-convexity.

Definition 2.3. e We say that ¢ is higher-order (Fp,~,b)-convex at
u € X with respect to h, if for all (z,y) € X x R™ we have

b(z,u) (p(x) — ¢ (u)) = F (z,u; (z,u) [V (u) + Vyh (u,y)]) +
+b(2,u) (b () =y " [Vyh (u,y)]) + pd (2, u).

e We say that ¢ is higher-order (F, p,~, b)-pseudo-convex at u € X with
respect to h, if for all (z,y) € X x R™ we have

F(z,usy (,u) [V (u) + Vyh (u,y)]) > —pd (z,u)
— b(z,u) (p(x) — @ (u) > b(z,u) (h(u,y) —y" [Vyh(u,y)]).

e We say that ¢ is higher-order (F,p,~,b)-quasi-convex at v € X with
respect to h, if for all (z,y) € X x R™ we have

b(@,u) (@) — ¢ (u) < b(z,u) (h(u,y) =y [Vyh(uy))
= F(z, w5y (2,0) [V (u) + Vyh (u,9)]) < —pd (2,u).

(2.1)

e If ¢ is higher-order (F,p,~,b)-convex (pseudo/quasi-convex) at each
u € X with respect to the same function h, then ¢ is said to be higher-order
(F, p,~,b)-convex (pseudo/quasi-convex) on X with respect to h.

o If —¢ is higher-order (F),p,~,b)-convex (pseudo/quasi-convex) at u €
X with respect to h, then ¢ is said to be higher-order (F, p,~,b)-concave
(pseudo/quasi-concave) at u € X with respect to h.

Remark 2.1. The elements p, v and b give more felexibility that the
defined properties hold for all (z,y) € X x R™. In particular, if we consider
the case where p =0 and b =1, v = 1, then

1. The above definition reduce to Definition 4 of Chen [4].

2. When % (u,y) = 4 Vaup (w) y/2 and F (z,u;a) = 1 (z,u)’ a, where
7 : X xX — R", the higher-order (F, p,~, b)-(pseudo/quasi)-convexity reduces
to n-(pseudo/quasi)-bonvexity in [5, 16].

3. When h (u,y) = y" Vaue (w)y/2 and F (z,u;a) = n(z,u) " a, where
7 : X xX — R”, the higher-order (F, p,~, b)-(pseudo/quasi)-convexity reduces
to the second-order F' (pseudo/quasi) invexity in [6].
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4. When h(u,y) = —y " Vup(u)+¢(u,y) and F(z,u;a) =z, u)a n(x,u),
where a : X x X — R\ {0}, n: X x X — R" are positive functions, and
¥ X x R" — R is a differentiable function, the higher-order (F,p,~,b)-
(pseudo/quasi)-convex function becomes the higher-order (pseudo/quasi)
type I function in [11, 15].

Ezample. We present here a function which is higher-order (F,p,~,b)-
convex. We can proceed similarly for the other classes of functions introduced
in Definition 2.3. Let us consider X = (0,00) and

p: X >R, p(x)=zlogz, h: X xR-—->R, h(u,y)=—ylogu.

Obviously, ¢ is not convex. We have

1
Vup (u) =1+logu,  Vuup(u) =, Vyh(u,y) = —logu.

Let us consider F : X x X x R — R defined by F (z,y;a) = |a| + |a|*,
which satisfies (i) and (ii) and is not sublinear.
Before proceeding, it is worth to notice that in this example we have
h(u,y) = —ylogu # ly—rvuuq’ (u)y = ﬁ
’ 2 2u’
i.e., h(u,y) has not the form used in [5, 16], as we mentioned in Remark 2.1
(item 2). Further, if we consider the case presented in Remark 2.1 (item 4),

we see that

—y Ve (0) + 9 (u,y) = —y (1 +logu) + ¥ (u,y),

and if we take ¢ (u,y) =y, then h(u,y) = —ylogu has the same form as in
[11, 15], but now our mapping F is not sublinear as required there.
Let us define the functions

zu(l+zu) if (xlogz —ulogu) >0,
b(z,u) = zlogx — ulogu
0 if (xlogz —ulogu) <0,
y(zu) = zu, d(z,u)=zu+ z*u’
Since
Ve (u) + Vyh(u,y) =1+ logu —logu = 1,
h(u,y) —yVyh (u,y) = —ylogu — y (—logu) =0,
we have

F (z,u; (z,u) [V (u) + Vyh (u,9)]) = zu + 2%u?,

and relation (2.1) becomes

1>1+4pif (xlogz —ulogu) >0, 0>1+pif (xlogz —ulogu) <O0.
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It now follows that for p < —1 the function ¢ (z) = zlogx is higher-order
(F, p,v,b)-convex at u € X with respect to h (u,y) = —ylog u.

3. HIGHER-ORDER SYMMETRIC DUALITY

We consider in this section twice differentiable functions
i R"xR™ >R, ¢ :R"XR"xR"—->R, h:R"XR"xR"™ >R

and compact convex sets C; C R" and D; C R™, for i =1,2,...,p.
We define the following pair of higher-order symmetric multiobjective
dual problems (cf. Chen [4]).

minimize
(P fi(@,y) +s(z|C1) —y 21 + hi(z,y,m1) — 7] [V ha(@,y,7m1)]

fp(xa y) + 8(1‘ ‘ Cp) - yTZp + hp(l‘, Y, 7Tp) - ﬂ; [Vﬂ'php(x’ Y, Wp)]

subject to

P
(31) Z )\7, [Vyfz(xa y) -z + Vﬂ'zhl (.I‘, Y, 771)] < Oa
i=1
D
i=1
P
(3.3) €D, i=1,...,p, A>0, Y N =1,
i=1
and
maximize
(MD) fi(u,v) = s(v] Dy) +ulwi + g1 (u, v, 1) — pf [V g1(u, v, )]

fp(u7 U) - S(U ‘ Dp) + uTwp + gp(u7 v, Mp)_ ,U/;— [vupgp(ua v, :u’p)]
subject to
p

(3.4) Z i [Vufi (u,v) + wi + Vi, 95 (w, v, 1)) > 0,
=1
p
(35) uT Z A’L [vufl (’U, 'U) + Wy + v/ﬁlgl (U, v, M’L)] S 07

i=1
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(3.6) w;€Ciyi=1,....,p, A>0, Ae=1.

Since the objective functions of (MP) and (MD) contain the support
functions s (z | C;) and s (v | D;),i =1,...,p, these problems are nondifferen-
tiable multiobjective programming problems.

Remark 3.1. If p =1 and hy (z,y,71) = ﬂlTVyyf(x, Y)m1/2, g1 (u, v, 1) =
1] Ve f (u,v) p1/2, then (MP) and (MD) become the second-order symmetric
problems considered by Hou and Yang [6]. In addition, if C; is defined by

C,‘ = {B{U | UTB,"U § 1},

we obtain the pair of Wolfe type second order nondifferentialbe symmetric
programs considered by Ahmad and Husain [1]. Also, in this case, if 1y = pq =
0, we obtain a pair of symmetric dual nondifferentiable programs considered
in Mond and Schechter [13].

In the sequel we shall establish weak, strong and converse duality the-
orems under (F,p,~y,b)-convexity type assumptions. For this, we consider
functions b; : R x R™ x R" x R™ — R4, d : R" x R™ x R® x R™ — R,
Y:R? X R™ = RY, 4" R® x R™ — R and numbers p;, p; € R, i =1,...,p.
Further, we suppose that the functions F' : R® x R" x R® — R and G :
R™ x R™ x R™ — R enjoy properties (i) and (ii) and satisfy the condition

: T
F(z,u;y(z,y)a) + o'y >0 for all o € R}

(3.7) 7 . "
G (v,y;7 (z,u) B) + BTy > 0 for all § € R

We suppose also that following conditions are satisfied:
(j1) the functions f; (- ,v) + (- )" w; are higher-order (F, p;, v, b;)-convex
at u with respect to g; (u, v, 1t;), i =1,2,...,p;
(j2) the functions f; (z, - )—( - )" z; are higher-order (G, pl,~, b;)-concave
at y with respect to —h; (z,y,m;),i=1,2,...,p;

p
Ai (pi + i) > 0.
=1

(33)

)

THEOREM 3.1 (Weak duality). Let (z,y, A, 21,22,...,2p, T1,T2,...,Tp)
be a feasible solution of (MP) and (u,v,\,wi,wa,..., Wy, 11, M2, .., [p) G
feasible solution of (MD). Then the inequalities below cannot hold simulta-
neously:

(I) for all i € {1,2,...,p},
filzy) +s(@ | C) =y 2+ hi (z,y,m) — 7 [Vehi (x,y,m)] <

(3.8) ! T
< filw,v) = s (v | D) +u' wi + gi (w,v, i) — 15 [Vugi (u, v, )] 5
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(IT) for at least one j € {1,2,...,p},
' < f] (U,’U) -5 (U ‘ D]) +uij + 9j (U,’U,/Lj) - M;r [vug] (Uﬂ)aﬂj)] :

Proof. Since (z,y,\, 21,22, ..., 2, T1, T2, ...,Tp) is a feasible solution of
(MP) and (u, v, A\, w1, wa, ..., Wy, i1, 2, . - - , tbp) is a feasible solution of (MD),
by (3.7) and (3.4) we get

p
F (:c () 35 A [V (,0) + w5 + V,gs (1,0, um) T
=1
p
+ 3N [Vafi (w,0) +wi + V,ugi (w,v, 1)) " w > 0,
=1

By (3.5) we have

(3.10)  F <337 u;y(z,y) EP:)\@' [Vufi (u,v) + wi + Vyugi (%%Mi)]) > 0.
i=1

It follows from the higher-order (F, p;, b;)-convexity of f; (- ,v)+( - )"

at u with respect to g; (u, v, ;) that
bi (z,y,u,v) ([fl (z,v) + xTwi] — [fl- (u,v) + quwi]) >
(3.11) > F (2, u;7(2,9)[Vufi (w,0) + wi + Vg (u, 0, 1)) +
+b; (x,y,u,v) [gl- (u,v, p;) — ,uiTVugi (u,v, ul)] + pid (z,y,u,v) .

Since F satisfies (i) and (ii), and A > 0, ATe = 1, from (3.4), (3.10) and (3.11)
we get

W

e

Il
i

Albl (IL’, Y, u, U) ([fz (IL’, U) + l’T’wi] — [fz (U, U) + uTwl]) 2

7

p
> F <l‘,u;’7(.’l), y) Z >\l [Vufz (u,v) + w; + V,ugi (’LL,’U,,LM)]) +
=1

p p
+ Z Aibi (:I:a Yy, u, U) [gz (’LL, v, ,LL,) - /L:v,ugz (’LL, v, }ul)] + 2:1 Alpld (1:7 Yy, u, U) >

P

> Z Aibi (l‘, Yy, u, U) [gz (U, v, /Lz) - M;rv,ugz (U, v, /Ll)] + Zjl )\szd (:I:a Yy, u, U)

<
I
—_

p p

(3.12) Z)\ibi(a:,y,u,v)fi(x,v) ZZ)\ibi(az,y,u, 0)[fi (u,v) =2 wiu " w]+
i=1 =1

p p
+Z)\lbl(x7 Y, u, U) [g’b (U, v, MZ) _M:vugl(u7 v, MZ)] +ZAZpld(‘r7 Y, u, U)'
i=1 =1
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On the other hand, from (3.1) and (3.7) we get
P
G <U, y; = (v,y) 21 Ai [Vyfi(z,y) — zi + Vzhi (2, y, Fi)]) -
) -
—y' Zl Ai[Vyfi(z,y) — 2 + Vzhi (z,y,m)] >0,

i
which, by using (3.2), imply

(313) G (Ua i =7 (0,9) > N [Vyfi(e,y) — 2+ Vahi (l’,yﬂh‘)]> > 0.

i=1
Now, using the fact that f; (z, - ) — (- )" 2 is higher-order (G, pl, b;)-
concave at y with respect to —h; (z,y,m;), we have
_bz (xayaua U) ([fz (:I:a U) - ’UTZi] - [fz(xay) - yTZi]) >
(3.14) > G v,y = (0,9) [Vy fi(z,y) = 2 + Vhi (x,y,m)]) +
+b7, (:I:a Yy, u, U) [_hz (:I:a Y, 7Ti) + ﬂ-;rvﬂ'hi (l‘, Y, 71-74)] + p;d (1:7 Yy, u, U) .
Since G satisfies (i) and (ii), A > 0, ATe = 1, from (3.13) and (3.14) we have

p p
(315) Zklbl(l‘a Yy, u, U)fi(xa U) < Z)\sz(l‘, Y, u, ’U)[fz(xa y)+UTZi_yTZi]+
=1 =1

p p
+ZAibi(ny7u7 v)[hi(xay7Tri)_ﬂ-i—l—vﬂhi(xayaﬂi)]_z)‘ip’lid(x7y7uav)'
=1 =1

From (3.12) and (3.15) we obtain

p
> Aibi (x,y,u,v) [fi (w,v) — v w; +ulw; + g (u, v, p3) —
i=1

P

» =

Z )\’Lb’b (.T, Yy, u, 'U) [fz(xa ?J) + szi - yTZi + hl (:1:7 Y, Wi) - ﬂ;vﬂhi (x7 Y, Trl)] .
i=1
P
Now, since Y- N (p;i +p}) > 0and zTw; < s(x | C;), v 2z <s(v| D),
i=1
the last inequality yields
P
;A’Lb’b(xa Y, u, U)[fl (U, U) _S(U ‘ DZ)+uTwl+gl(u7 v, MZ)_IU’;rvugl(ua v, ,U’l)] S

A’Lbl(‘ra Yy, u, U)[f’b(xa ?J)"‘S(x | C’L)_y—rzz—’_hl(xa Y, Wi)_ﬂi—rvﬂhi(x? Y, Wi)]a

IN
e

=1

which proves the assertion of the theorem. [
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Remark 3.2. Following the same lines as in the previous proof, we easily
can prove other variants of Theorem 3.1 under the same assumptions, but
replacing in the statement the corresponding conditions by those below:

e the functions f; (- ,v) + (- )" w; are higher-order (F, p;, 7, b;)-pseudo-

convex at u with respect to g; (u,v, ), 1 =1,2,...,p;

e the functions f; (z, - )— (- )" z; are higher-order (G, pi. ', b;)-pseudo-
concave at y with respect to —h; (z,y,m;), i =1,2,...,p;
respectively,

e the functions f; (- ,v) + ( - )Twz are higher-order (F, p;,~,b;)-quasi-
convex at u with respect to g; (u,v,p;), 1 =1,2,...,p;

e the functions f; (x, - ) — (- )" 2 are higher-order (G, p},~/, b;)-quasi-
concave at y with respect to —h; (z,y,m;),i=1,2,...,p

Remark 3.3. If in Theorem 3.1 we take b; (x,y,u,v) =1 and p; = p, =0
for all i = 1,2,...,p, as well as y(z,y) = 1 and v/ (v,y) = 1, then we obtain
Theorem 1 of Chen [4].

Now, under appropriate conditions, we state a strong duality and a con-
verse duality theorem relative to problems, (MP) and (MD) which can be
proved following the lines in [4].

THEOREM 3.2 (Strong duality). Let (,9, A, 21, 22, - -, Zp, 1, 2, - - ., )
be a feasible solution of (MP) and assume that
(k1) for all i € {1,...,p} we have hi(i’,gj,O) = 0, ¢i(Z,9,0) = 0,
(:L.’ y’ 0)7’

Virhi (£,9,0) = 0, Vyh; (2,9,0) = 0, V3h; (£,9,0) = V9

(k2) for all i € {1,2,...,p} the Hessian matriz th Z,Y, T
or negative deﬁm’te,

(k3) the vectors Vy fi (2,9) —Z+Vhi (Z,9,7),1=1,2,...,p, are linearly
independent;

(k4) for any o € RE, a #0, and m; € R™, m; #0,i=1,2,...,p, we have

) is positive

Z OéﬂT yfz T y) Z; + vﬂ'hz (i:a ga 771)] 7& 0.

Then
e, =0,2=1,2,...,p
p times
. ~ ~ ~ N ~ ~ ~ #H .
e there exist w; € C; such that (:L‘,y,)\,wl,wg,...,wp,0,0,...,0) is a

feasible solution of (MD).
Furthermore, if the assumptions of Theorem 3.1 are satisfied and the

functions b;(z,y,Z,9) > 0, i = 1,2,...,p, then (:z:,g,X,wl,wZ,...,wp,
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p times

——
0,0,...,O) is a properly efficient solution of (MD) and the values of both
problems are equal.

THEOREM 3.3 (Converse duality). Let (ﬂ,f}, N, 01, . .. , W, fi1, - - . ,[Lp) be
a properly efficient solution of (MD) and we assume that
(k1) for all i € {1,2,...,p} we have h;(4,0,0) = 0, g;(4,0,0) = 0,
Vougi (4,0,0) =0, Vog; (4,0,0) =0, Vyg; (4,0,0) = ,rh (a,v,0);
(k2) for all i € {1,2,...,p} the Hessian matriz V ,,9; (4,0, fi;) is positive

or negative deﬁm’te

(k3')  the vectors V fi (6, 0) —w; +V ugi (4,0, f1i) , 1 = 1,2,...,p, are linearly
independent;

(k4") for any a € R, a # 0, and p; € R, u; # 0,4 =1,2,...,p, we have

P
Z aiuj (Vo fi(@,0) —w; + V9 (4,0, f1;)] # 0.

i=1
Then
o u;=0,1=1,2,...,p;
p times
~ —_——
e there exist z; € D; such that (ﬂ s A2, 2p, 0,00 ,0) 1 a feasible

solution of problem (MP).
Furthermore, if the assumptions of Theorem 3.1 are satisfied and the
p times
. ~ ~ ~ ~ . ~ ~ 3 ~ ~ /_/H .
functions b; (a,v,a,0) > 0,i=1,2,...,p, then (u,v,)\,zl...,zp,o,... ,0) is
a properly efficient solution of (MP) and the values of both problems are equal.

We finally notice that the results obtained in this section about higher-
order weak, strong and converse duality are obtained by considering higher-
order (F,p,v,b)-(pseudo-, quasi-) convexity assumptions. As a consequence,
some known results obtained previously in [3, 4, 6, 11, 12, 15, 16] can be
derived from ours as particular cases.

Acknowledgement. This research was partially supported by Grant CNCSIS
No. 27694/2005.

REFERENCES

[1] I. Ahmad and Z. Husain, On nondifferentiable second order symmetric duality in math-
ematical programmaing. Indian J. Pure Appl. Math. 35(5) (2004), 665-676.

[2] C.R. Bector and B.K. Bector, Generalized B-invez functions and second order duality
for a non-linear programming problem. Congr. Numer. 22 (1986), 37-52.



630

Anton Batatorescu, Vasile Preda and Miruna Beldiman 12

3]

[15]

[16]

[17]

C.R. Bector and S. Chandra, Second order symmetric and self dual programs. Opsearch
23 (1986), 89-95.

X. Chen, Higher-order symmetric duality in nondifferentiable multiobjective program-
ming problems. J. Math. Anal. Appl. 290 (2004), 423-435.

G. Devi, Symmetric duality for nonlinear programming problem involving n-bonvez func-
tions. European J. Oper. Res. 104 (1998), 615-621.

S.H. Hou and X.M. Yang, On second-order symmetric duality in nondifferentiable pro-
gramming. J. Math. Anal. Appl. 255 (2001), 488-491.

V. Jeyakumar, p-convezity and second order duality. Utilitas Math. 29 (1986), 71-85.
D.J. Mahajan, Contributions to optimality conditions and duality theory in monlinear
programming. Ph.D. Thesis, 1977.

O.L. Mangasarian, Second and higher order duality in nonlinear programming. J. Math.
Anal. Appl. 51 (1975), 607-620.

S.K. Mishra, Second order symmetric duality in mathematical programming with F-
convezity. European J. Oper. Res. 127 (2000), 507-518.

S.K. Mishra and N.G. Rueda, Higher order generalized invexity and duality in mathe-
matical programming. J. Math. Anal. Appl. 247 (2000), 173-182.

B. Mond, Second-order duality for nonlinear programming. Opsearch 11 (1974), 90-99.
B. Mond and M. Schechter, Nondifferentiable symmetric duality. Bull. Austral. Math.
Soc. 53 (1996), 177-188.

B. Mond and T. Weir, Generalized convezity and duality. In: S. Schaible, W.T. Ziemba
(Eds.), Generalized Convexity in Optimization and Economics, pp. 263-280. Academic
Press, New York, 1981.

B. Mond and J. Zhang, Higher order invezity and duality in mathematical programming.
In: J.P. Crouzeix et al. (Eds.), Generalized Convezity, Generalized Monotonicity: Recent
Results, pp. 357-372. Kluwer, Dordrecht, 1998.

S. Pandey, Duality for multiobjective fractional programming involving generalized n-
bonvex functions. Opsearch 28 (1991), 36-43.

V. Preda, Duality for multiobjective fractional programming problems involving n-set
functions. In: C. Andreian Cazacu, W.E. Lehto and T.M. Rassias (Eds.), Analysis and
Topology, pp. 569-583. Academic Press, 1998.

R.T. Rockafellar, Conver Analysis. Princeton Univ. Press, 1970.

X.Q. Yang, Second order global optimality conditions for convex composite optimization.
Math. Programming 81 (1998), 327-347.

J. Zhang and B. Mond, Second order B-invexity and duality in mathematical program-
ming. Utilitas Math. 50 (1996), 19-31.

Received 5 October 2006 University of Bucharest
Faculty of Mathematics and Computer Science
Str. Academiei 1)
01001} Bucharest, Romania



