PARAMETRIC REPRESENTATION
AND LINEAR FUNCTIONALS ASSOCIATED
WITH EXTENSION OPERATORS
FOR BIHOLOMORPHIC MAPPINGS
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We consider an operator introduced by Pfaltzgraff and Suffridge which provides
a way of extending a locally biholomorphic mapping f € H(B") to a locally bi-
holomorphic mapping F € H(B""'). When n = 1, this operator reduces to the
well known Roper-Suffridge extension operator. In the first part of this paper we
prove that if f has parametric representation on B™ then so does F on B"*!. In
particular, if f € S*(B™) then F € S*(B""!). We also prove that if f is convex on
B"™, then the image of F' contains the convex hull of the image of some egg domain
contained in B". In the second part of the paper we investigate some problems
related to extreme points and support points for biholomorphic mappings on B"
generated using the Roper-Suffridge extension operator. Given a parametric rep-
resentation for an extreme point (respectively a support point) generated in this
way, we consider whether the corresponding Loewner flow consists only of extreme
points (respectively support points). This generalizes work of Pell.
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1. INTRODUCTION AND PRELIMINARIES

Let C™ be the space of n complex variables z = (z1,...,2,) with the
n

Euclidean inner product (z,w) = ) z;w; and the Euclidean norm |z|| =
j=1

(z,2)1/2. For n > 2, let Z = (23,...,2,) € C" ! so that z = (2,%) € C". The
unit ball in C" is denoted by B™. In the case of one variable, B! is denoted
by U. The ball of radius > 0 in C" with center at 0 will be denoted by B;'.

Let L(C™ C™) denote the space of complex-linear mappings from C"
into C™ with the standard operator norm

[A]] = sup{[|A(2)[| - [[z] = 1}
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and let I,, be the identity in L(C",C™). If © is a domain in C", let H(Q2) be
the set of holomorphic mappings from € into C". Also, let H(B",C) be the
set of holomorphic functions from B™ into C. A mapping f € H(B"™) is called
normalized if f(0) = 0 and Df(0) = I,. We say that f € H(B") is locally
biholomorphic on B™ if the complex Jacobian matrix D f(z) is nonsingular
at each z € B™. Let J¢(z) = det Df(z) for z € B™. Let LS, be the set
of normalized locally biholomorphic mappings on B™, and let S(B™) denote
the set of normalized biholomorphic mappings on B™. In the case of one
variable, the set S(B') is denoted by S, and £S(B') is denoted by £S. A
mapping f € S(B") is called starlike (respectively convex) if its image is a
starlike domain with respect to the origin (respectively convex domain). The
classes of normalized starlike (respectively convex) mappings on B™ will be
denoted by S*(B") (respectively K(B")). In the case of one variable, S*(B?)
(respectively K (B')) is denoted by S* (respectively K).

Let f,g € H(B™). We say that f is subordinate to g (and write f < g) if
there is a Schwarz mapping v (i.e., v € H(B") and ||v(z)|| < ||z||, 2 € B™) such
that f(z) = g(v(z)), z € B™. If g is biholomorphic on B", this is equivalent
to requiring that f(0) = g(0) and f(B") C g(B").

We recall that a mapping f : B™ x [0,00) — C™ is called a Loewner
chain if f(-,t) is biholomorphic on B, f(0,t) = 0, Df(0,t) = e'I,, for t > 0,
and f(z,s) < f(z,t) whenever 0 < s <t < oo and z € B". We note that
the requirement f(z,s) < f(z,t) is equivalent to the condition that there is
a unique biholomorphic Schwarz mapping v = v(z, s,t), called the transition
mapping associated to f(z,t), such that

f(Z,S):f(U(Z,S,t),t), z€B", t>s52>0.

We also note that the normalization of f(z,t) implies the normalization
Dv(0,s,t) = eI, for 0 < s <t < o0.

Certain subclasses of S(B™) can be characterized in terms of Loewner
chains. In particular, f is starlike if and only if f(z,t) = e'f(2) is a Loewner
chain (see [21]).

Definition 1.1 (see [9], [11], [12], [25], [26]). We say that a normalized
mapping f € H(B") has parametric representation if there exists a mapping
h: B™ x [0,00) — C" such that

(i) h(-,t) € H(B™), h(0,t) = 0, Dh(0,t) = I, t > 0, Re(h(z,t),z) > 0,
for z € B"\ {0}, t > 0;

(ii) h(z,-) is measurable on [0, c0) for z € B",
and f(z) = limy_. e'v(2,t) locally uniformly on B", where v = v(2,t) is the
unique solution of the initial value problem

0
W= b t) ae 120,0(z0) ==
for all z € B".
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The above condition is equivalent to the fact that there exists a Loewner
chain f(z,t) such that {e”!f(-,¢)};>0 is a normal family on B" and f(z) =
f(2,0), z € B".

Let S°(B™) be the set of mappings which have parametric representation
on B".

Let Aut(B™) be the set of holomorphic automorphisms of B™. Also, let
U denote the set of unitary transformations in C”. Then it is well known that

Aut(B") ={Veg,: a€ B", V elU},

where
z—a
1.1 a = ) = Ta T /. N\ | Bna
(L) euls) = pli0) =T, (20 ) €
1 * 2
(1.2) T, = W{(l — Sq)aa” + sqllal|“ I}
and

Sq = V1 — |la]?.
Note that Ty = I,, and pg(z) = z, z € B™. The following conditions hold
(see [29]):

n+l
(1.3) [ Ja (0)] = (1= Jlal*) "2 ;
(1.4) 0a(0) = —a, @a(a) =0, ©,' =¢ ..
Moreover, if ¢ € Aut(B") then
1 [lo)I*]*

A key role in our discussion is played by the following Schwarz-type
lemma for the Jacobian determinant of a holomorphic mapping from B into
B™. We have (cf. [29]; see also [13])

LEMMA 1.1. Let tp € H(B") be such that ¥(B™) C B". Then

- [P
— z
—_— B".
1—lz? } e

This inequality is sharp and equality at a given point z € B™ holds if and
only if ¢ € Aut(B").

Proof. Fix a € B™ and let b = v(a). First, assume that a # 0 and b # 0.
Let f: B"™ — C" be given by f(z) = (pp 0 0 9_4)(2), z € B™. Then f is
a holomorphic mapping on B", f(0) = 0 and f(B™) C B". Consequently, by

(16) u(2)] < [
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the Schwarz lemma for holomorphic mappings we deduce that || f(z)|| < ||z]],
z € B", and ||[Df(0)|| < 1. Further, since

[T < IDFI", 2z € B,
we have |J¢(0)| < 1. A simple computation yields
Df(0) = Dy (b) Dip(a) Dip—a(0),

and using the last equality in (1.4) we obtain

Joa(0)
le—b (O)

Next, taking into account (1.3) and the above equation, we deduce that

Jr(0) =

Jy(a).

n+1
1—[la]?]>
L2 501 = 1) | 5]

hence (1.6) now follows.

If @ = 0 and b # 0 then it suffices to consider the mapping g = ¢ o ¥
and to use a similar argument as above. Similarly, if a # 0 and b = 0, then we
may consider the mapping h = ¥ o ¢_, and apply the above argument. The
case a = b = 0 is clear.

If ¢» € Aut(B™) then equality holds according to (1.5).

Conversely, if equality holds at a given point a € B", then reversing the
steps in the above proof, we deduce that |J;(0)| = 1 where f = ppotpop_, and
b =1(a). Hence f € Aut(B™) by [16, Theorem 11.3.1], and thus ¢ € Aut(B")
too. This completes the proof. [

For n > 1, set 2/ = (21,...,2,) € C" and z = (¢, 2,41) € C*1,

Definition 1.2 ([22]). The extension operator ®, : LS, — L£S,41 is
defined by

1 n
O(£)(2) = F(2) = (£ zan I (D7) 2= (2 2np) € B4
We choose the branch of the power function such that

(YD) =1

2'=0
Then F = ®,(f) € LS,4+1 whenever f € LS,. It is easy to see that if
f € S(B") then F € S(B"1).

If n = 1 then ®; reduces to the well-known Roper-Suffridge extension
operator. For general n > 2 we have
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Definition 1.3 ([27]). The Roper-Suffridge extension operator ¥,, : £S —
LS, is defined by

U1 = (F0), 2/ FE) 2= (21,7) € B

We choose the branch of the power function such that

f/(Zl) ’21:0 =1.

Roper and Suffridge [27] proved that if f is convex on U then ¥, (f) is
also convex on B™. Graham and Kohr [8] proved that if f is starlike on U then
so is ¥, (f) on B™, and in [10] (see also [9] and [7]) it is shown that if f has
parametric representation on the unit disc, then W, (f) has the same property
on B"™. Moreover, if one begins with a complex valued function f(z1), then
the extension to B? under ®; = Wy is (f(z1), 221/ f"(21)). If this mapping is
then extended to B3 then to B%, etc. up to B™ by successive applications of
&,k =1,...,n— 1, one obtains the mapping ¥, (f)(z) = (f(z1),2/ f"(21)),
i.e. we obtain the Roper-Suffridge extension operator ¥,,.

In this paper we prove that if f € S(B™) can be imbedded in a Loewner
chain f(2/,t), then FF = ®,(f) can also be imbedded in a Loewner chain
F(z,t). Further, if f € S°(B") then F = ®,,(f) € S°(B"*!). In particular, we
give a simplified proof of the theorem of Graham, Kohr and Kohr [10] that the
Roper-Suffridge extension operator preserves the parametric representation
property. Moreover, we prove that if f € S*(B") then F = ®,(f) € S*(B"*1),
and if f € K(B™) then the image of I’ contains the convex hull of the image of
some egg domain contained in B". It would be interesting to give a complete
answer to the conjecture of Pfaltzgraff and Suffridge [22, Conjecture 1] that
®,, preserves convexity, but so far we have not been able to do so. We also
discuss the behaviour of ®,, with respect to starlikeness and convexity on the
unit polydisc P" in C™.

In the last section we investigate some problems involving extreme points
and support points for families of biholomorphic mappings on B™ generated
with the Roper-Suffridge extension operator. We consider the following ques-
tion: given a parametric representation for an extreme point (respectively
a support point) of ¥, (S), must the corresponding Loewner flow et F(-,t)
consist of extreme points (respectively support points)? The analogous one-
variable questions were treated by Pell [19] (see also Kirwan [15]).

2. STARLIKENESS AND CONVEXITY PROPERTIES
AND THE EXTENSION OPERATOR ¢,

We begin this section with the following main result. In the case n =1,
we obtain a simplified proof of [10, Theorem 2.1].
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THEOREM 2.1. Assume f € S(B") can be imbedded in a Loewner chain
f(',t). Then F = ®,(f) can also be imbedded in a Loewner chain F(z,t).

Proof. Since f € S(B"), it is easiy to see that F' € S(B"*!). Let v =
v(Z’, s,t) be the transition mapping associated to f(2’,¢). Then
(2.1) f(Z,s) = f(v(,s,t),t), 2 €B" 0<s<t<oo.

Let fi(2') = f(#/,t) for 2/ € B™ and t > 0, and let vs4(2’) = v(z,s,t’),
2 € B", t>s5>0. Also, let F': B""! x [0,00) — C"*! be given by

(22) Fz,t) = (F(2/,0), 2ns1e T [, ()] 77 )

for z = (2/,2,41) € B""! and t > 0. We choose the branch of the power

function such that

_ ent/(n+1) )

1
[Ty, (2],
Let us prove that F(z,t) is a Loewner chain. Indeed, since f(-,t) is
biholomorphic on B", f(0,t) = 0 and Df(0,t) = e'I,,, it is not difficult to see
that F(-,t) is biholomorphic on B"™! F(0,t) = 0 and DF(0,t) = eI, .
Let Vs : B"T — C"! be given by Vs(2) = V(z, s,t), where

(2.3) Viz,st) = (v(,5,8), znsrenst [y, ()77

for z = (2, zn41) € B and t > s > 0. We choose the branch of the power

n(s—t)
function such that [vayt(z’)]n%l —g=¢e " . Then V; is biholomorphic on
B", V5 1(0) =0, DV;4(0) = 1,11, and ||[Vs4(2)|| < 1, 2 € B""1. Indeed, by
Lemma 1.1 we obtain that

2(s—t) 2
IV, ()I? = llos s (NIP + e 1 [zpga [P o, (2) |77 <

2041/
< s ()1 + ﬁw(l — los. e (Z)IP) <

<o (P +1 = [lvse ()P =1, 2 = (2, z011) € B"

Hence ||V 4(2)|| < 1 for z € B, as claimed.
Further, taking into account (2.1), we easily deduce that F(z,s) =
F(V(z,s,t),t) for z € B""! t > s > 0. Indeed,

F(V(2,5,),t) = (f(0(,5,£), 1), 241677 [y, , ()] 77 [, (05,4(2')] 757 =
= (£ 8), znare™ T ()T ) = F(z,9),
for all z € B"* and ¢ > s > 0. Here we have used (2.1) and the fact that
I (2') = T, (s (2) o, (), 2 €B" t>s>0.
This completes the proof. [
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COROLLARY 2.1. Assume f € S°(B"). Then F = ®,(f) € S°(B"*!).

Proof. Since f € S°(B™), there is a Loewner chain f(z/,t) such that
f(z',0) = f(2), 2/ € B", and {e 7! f(-,t)}+>0 is a normal family. Then

(2.4) 3 <l f D] € g, =7 <1, t>0,

by [11, Corollary 2.6] (see also [6]). Applying the Cauchy integral formula for
vector valued holomorphic functions, it is easy to see that for each r € (0,1)
there is K = K (r) > 0 such that

D DI < K (r), |l <r t=0.

Moreover, since
|5, () < IDf(2)|", 2 € B",
we deduce that there is some K* = K*(r) > 0 such that

(2.5) g ()71 < en T K*(r), |Z <7 t>0.

Let F : B" x [0,00) — C""! be the Loewner chain given by (2.2).
Taking into account (2.4) and (2.5) we now easily deduce that for each r €
(0,1) there is some L = L(r) > 0 such that e7!||F(z,t)|| < L(r), ||z] < r,
t > 0. Consequently, {e ' F(-,t)}+>0 is a locally uniformly bounded family on
B"*1 and thus is normal. Hence F' = F(-,0) € SY(B"*!). This completes
the proof. [

From Corollary 2.1 and [11, Corollary 2.6] we obtain the following dis-
tortion result of independent interest for mappings in S°(B™). In particular,
this result also holds for mappings in S*(B"™), since any starlike mapping has
parametric representation on B" (see e.g. [9]).

COROLLARY 2.2. Assume f € S°(B") and r € [0,1). Then
2 S 2

T T
< N2 2 AYE <
Tt S WP+ e P <

2= (2, 2011) € OB

Proof. Since f € S%(B"), we have F = ®,(f) € S°(B"*!). Then

A+r2 <[FR) < =)

by [11, Corollary 2.6]. The result now follows. [

2] = 7,

From Corollary 2.1 we can deduce the compactness of the set ®,,(S°(B")).
We have

COROLLARY 2.3. The set ®,,(S°(B")) is compact.
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Proof. Since ®,(S(B™)) is a subset of S°(B"1), ®,(S°(B")) is locally
uniformly bounded by [11, Corollary 2.6]. We prove that ®,,(S°(B™")) is closed.
To this end, let {F} }ren be a sequence in ®,(SY(B")) which converges locally
uniformly on B"*! to a mapping F as k — oo. Also let {fi}xen be a sequence
in SY(B™) be such that Fj, = ®,(f1), k € N. Since {fi}ren is a locally
uniformly bounded sequence on B", there is a subsequence { fx, }pen of { fx }ren
which converges locally uniformly on B” to a mapping f. Since S°(B") is a
compact set, by [11, Theorem 2.9], we deduce that f € S°(B"). Also it is
easy to see that the subsequence {®,(fx,)}pen converges locally uniformly on
B to ®,(f), and thus we must have F = ®,(f). Hence F € ®,(S°(B")).
This completes the proof. [

Example 2.1. (i) Let f; € S, j =1,...,n. Then f: B" — C" given by
f(Z") = (fi(z1), .-, fa(zn)) belongs to S°(B™). Indeed, since f; € S, there is
a Loewner chain f;(z;,t) such that f;(z;) = fj(24,0), j = 1,...,n. Moreover,
{e7'f;(zj,t)}+>0 is a normal family on U since e 'f;(z;,t) € S. Next, let
f(Z,t) = (fi(z1,t), ..., fu(zn,t)) for z = (z1,...,2,) € B" and t > 0. Then it
is easy to see that f(2',t) is a Loewner chain and {e~!f(2,t)};>0 is a normal
family on B". The desired conclusion now follows.

Further, by Corollary 2.1, we deduce that F : B"*1 — C"*! given by

F(z) = (fl(zl)a e oy fn(zn), 2011 H[f]{(zj)]%“) 2= (2, 2n41) € B",
j=1

belongs to S°(B"*1).

(ii) Let f € LS, be such that

A= ZIPIDFENTD? () <1, 2 e B

Then F = ®,,(f) belongs to S°(B"*+1).

Indeed, by [20, Theorem 2.4], f is biholomorphic on B™ and can be
imbedded as the first element of the chain

f(Z, )= fle ')+ (e —e )Df(e ') (¢), 2 €B" t>0.
Moreover, since tlim e ! f(2',t) = 2/ locally uniformly on B", {e~'f(2',t)}+>0
—00 -

is a normal family on B”. Hence f € S°(B"). By Corollary 2.1, we have
F=®,(f) € S9B"Y.

Another consequence of Theorem 2.1 is given in the following result,

which provides a positive answer to the question of Pfaltzgraff and Suffridge
regarding the preservation of starlikeness under the operator ®,, (see [22]).

COROLLARY 2.4. Assume f € S*(B"). Then F = ®,(f) € S*(B"*!).

Proof. The fact that f is starlike on B™ is equivalent to the statement
that f(2/,t) = e'f(2') is a Loewner chain. With this choice of f(2,t), we
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deduce that F'(z,t) given by (2.2) is a Loewner chain. On the other hand, a
simple computation yields that F(z,t) = e'F(z) for € B"*! and t > 0. Thus
F = F(-,0) € S*(B""!), as claimed. This completes the proof. [

Example 2.2. (i) Let f; € S*, j =1,...,n. Then f : B" — C" given
by f(z') = (fi(21),-.., fu(2n)) is starlike on B™. By Corollary 2.4, we deduce
that I : B"*1 — C"*! given by

1

n
F(Z) = (fl(zl)a s 7fn(zn)a Zn+1 H[f;(z‘])]m>7 Z = (Z/, Zn+1) S Bn+l,
j=1
is starlike on B"*!. For example, the mapping
z z - 142, 7nt1
1 n ] n+1
Fe) = e T
= (i aasee U a5 ™)

is starlike on B™t1,
(ii) Let a be a complex number. Then the mapping F : B3> — C3 given by

F(Z) = (2’1 + aZl,Zg,Zg,Zg(l + a22)1/3)

is starlike if and only if |a| < 1.

Indeed, if |a| < 1 then f: B? — C? given by f(2') = (21 + az129, 22) is
starlike on B? (see [32], [28]). Hence F is also starlike on B3 by Corollary 2.4.

Conversely, if F' € S*(B?) then F(2,0) is starlike on B2, and thus we
must have |a| <1 by [32], [28].

We next discuss the case of convex mappings associated with the operator
®,,. Pfaltzgraff and Suffridge [22] conjectured that if f € K(B™) then ®,(f) €
K(Bn+1).

For a € (0,1], let

2n_
Qo = {2 = (/s 2041) €T Jzpp2 < aviT (1= |I2]P)}.

Then Q,, C B"™! and O, = B""!. We have the following convexity
result.

THEOREM 2.2. Let f € K(B™) and ay,as > 0 be such that aq + as < 1.
Also let F' = ®,(f). Then

(1 =XNF(2) + \F(w) € F(Qa+asn), 2 € Qayny W E Qay s A€ 0, 1]

Proof. Our argument combines an idea of Gong and Liu [4] (see also [5])
with the estimates for the Jacobian determinant of a holomorphic mapping
from B™ to itself (Lemma 1.1). Fix A € [0,1] and let z € Qq, ,, and w € Qq, .
Since f € K(B"), F is biholomorphic on B"*!. We want to find a point
u= (U, unt1) € Loy +ay,n such that

(1 =XNF(2) + A\F(w) = F(u),
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ie.,
1

(/@) [T ()] 757 ) =
1 1
= (1= NI + AW, (1= Nz DI + A ()]

Since 2/,w’ € B™ and f € K(B"), there is a unique point v’ € B"

such that
f) =0 =NfE)+Af(w'),

ie, u = fH(1 =N f(2)+ Af(w)). If A =0 then v/ = 2/, and if A = 1 then
u' = w'. Hence, we may assume that A € (0,1). Then v = «/(2',w’) can be
viewed as a mapping from B"™ x B" into B". Let

1 1
Jp(2')] T Jr(w')] T
Unt1 = (1 = X)zp41 [ﬁ] + Awp 41 [L] .

Jr(u) Jr(u')
We prove that u = (v, up41) € Qay+asn- It is obvious that
Jr(Z) Jr(w')

Ju, (@ w') = (1=N)" and J, (2 w') = A"

Jp(u) Jr(u')’
where v/, and v/, denote the Fréchet derivatives of v’ with respect to 2’ and
w’, respectively. Hence

1 1 1 1
Uny1 = (1= N) 7T 21 [Ty, (2, W) [T+ AT, [y (2, )] 7T

Next, using Lemma 1.1 and Hélder’s inequality in the previous equation,
we obtain

- 11—/ (2, w')|? 1/2 — ||/ (2, w")
nsa] < (=07 [ | bt ] [ ]
o

1—]2|| Hw’!P
n+1 n+
1 ‘Zn+1|2 2 |wn+1|2 £
SVI=[WPA = A+ N | ——s | + |7
1L— /]| 1 — ']
< /1= W]2(ar + ag)mi.

2n
Therefore, we have proved that |u,1]> < (a1 + ag)»+1(1 — |[u/[|?), i.e., u =
(W, un+1) € Qaytag.n- This completes the proof. [

COROLLARY 2.5. Let f € K(B") and F = ®,(f). Then
(1= NF(2) + AF(w) € F(B"™),  z,w € Qy/9,, A € [0,1].
It is natural to investigate the situation concerning starlikeness and con-
vexity on the unit polydisc P" = {z € C" : maxi<j<n |2j| < 1}.

Remark 2.1. The operator ®,, does not preserve convexity on P™. Indeed,
let f: P" — C" be a normalized convex mapping and let F' = &,,(f). By [31,
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Theorem 2| there exist normalized convex functions fi(zy) on the unit disc U,
k=1,...,n, such that

(&)= (fi(z1), .o, fu(zn)), 2 =(z1,...,2,) € P™.
Then F = ®,,(f) is given by

@6)n@z(ﬁmxnmmwm%ﬂIhﬁum#Q,zzwwMﬂePHP
k=1

Here we choose the branch of the power function such that [} (2;)]"/ ™+ |, o=
1for k =1,...,n. It is clear that if there is some k such that f;(z) # 1, then
F' does not satisfy the necessary and sufficient condition for convexity in the
polydisc given by Suffridge.

Remark 2.2. The operator ®,, does not preserve starlikeness on the unit
polydisc P™ either. Indeed, let f;(z;) be a function in S* for j = 1,...,n.
Then it is easy to see that the mapping f(2') = (f1(21),- -, fn(2n)) is starlike
on P" while F given by (2.6) is not starlike on P""!. Indeed, the necessary
and sufficient condition for starlikeness of F' is (see [31, Theorem 1])

(2.7) Re [wfz—i'ﬂ >0, j=1,...,n+1, ||z]loc = |2;] >0,
where
w(z) = [DF(2)] ' F(2) =

fi(z1) fn(zn) - =~ fi(zi) f7 (2)
fi()" 7 fa(z) T (fr(2k))? ’
for all z = (2/, z,41) € P"TL,

It is clear that the first n inequalities in (2.7) are satisfied, but if j = n+1
then (2.7) becomes

1—

1
'n—i—lk:1

O<Re[w}:1_ 1 iRe[M

(fi(zr))?

},vwﬂznﬂm>m
Zn+1

ie.,

o1 ZRe[M]>O, lzkl <1, k=1,...,n.

It suffices to choose n = 2 and fj(z;) = z;/(1 — z;)? for j = 1,2. Also let
z1 = z9 € U. Then the above inequality is equivalent to

(1—21)(z1+3)
Re[ (1—|—Z1)2 :| > 0, ‘Z1|<1.
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However, it is elementary to check that this relation is not satisfied everywhere
on the unit disc U, and thus F' is not starlike.

3. EXTREME POINTS AND SUPPORT POINTS ASSOCIATED
WITH THE ROPER-SUFFRIDGE EXTENSION OPERATOR

In this section we restrict our discussion to the Roper-Suffridge extension
operator ¥,,. A key role is played by the result established in Theorem 2.1.
We shall study extreme points and support points for families of univalent
mappings on B™ constructed using the Roper-Suffridge operator, and their
behaviour under the Loewner variation. To this end, we recall the definitions
of extreme points and support points in the general setting of locally convex
linear spaces. For applications of linear methods to the study of extremal
problems in geometric function theory of one variable, the reader may consult
[14], [1], [2], [3], [24], [30], and the recent survey [17]. In the case of several
variables, see [18].

Definition 3.1. Let X be a locally convex linear space and let E be a
subset of X.

(i) A point x € E is called an extreme point of E provided x = ty+(1—t)z,
where t € (0,1), y,z € E, implies x = y = z. That is, x € F is an extreme
point of E if x is not a proper convex combination of two points in F.

(ii) A point w € E is called a support point of E if

L(w) = L
Re L(w) Iglea]%(Re (y)

for some continuous linear functional L : X — C such that Re L is nonconstant
on F.

Let ex E and supp E be the sets of extreme points of ¥ and support points
of E. From the general theory of locally convex linear spaces, in particular by
the Krein-Milman theorem (see e.g. [14, Chapter 4]), it is known that if E is
a nonempty compact subset of X then ex E and supp E are nonempty subsets
of .

In the case of the class 9, it is known that if f € ex S or f € supp S, then
f maps the unit disc U onto the complement of a continuous arc tending to
oo with increasing modulus (see e.g. [17]). In particular, a bounded univalent
function cannot be a support point of S.

We recall in view of the proof of Theorem 2.1 that if f(z1,t) is a Loewner
chain then F': B" x [0,00) — C" given by

(31)  Flzt) = (f(z1,0), 22 (f'(21,0)"?), 2= (21,2) € B", £ >0,
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is also a Loewner chain. We choose the branch of the power function such
that (f'(z1,t))"?|.,—=0 = €'/? for t > 0. If t = 0 then F = F(-,0) is the
Roper-Suffridge extension operator W, (f).

We also recall that ¥, (S) is a compact set by Corollary 2.3, hence
ex U, (S) # 0 and supp ¥,,(S) # 0.

We begin this section with some auxiliary results.

LEMMA 3.1. ¥, (exS) Cex U, (9).

Proof. Let F' € U, (ex S) and f € ex S be such that F' = U, (f). Suppose
F = sG + (1 — s)H where s € (0,1) and G,H € ¥,(5). Then there exist
functions g, h € S such that G = U, (¢9), H = ¥,,(h) and

Un(f)(z) = sWn(g)(2) + (1 = s)¥n(h)(2), =€ B™
Hence
f(z1) = sg(z1) + (1 = s)h(z1), =1 €U,

and since f € exS, we must have ¢ = h. Therefore G = H, too. This
completes the proof. [

FEzample 3.1. It is known that the rotations of the Koebe function, given
by f(z1) = z1/(1 — Az1)?, where |A| = 1, are extreme points of S. Then
F =9,(f) € ex¥,(S) by Lemma 3.1, i.e., the mapping F) given by

Py p 1/2
. F*(Z):((1_;1)2’5((113211)3) ) s

is an extreme point of ¥, (S) for |A\| = 1.

LEMMA 3.2. Let f € exS and let f(z1,t) be a Loewner chain such that
f(z1) = f(21,0), z1 € U. Also let F(z,t) be given by (3.1). Then e 'F(-,t) €
ex U, (S) fort > 0.

Proof. Since f is an extreme point of S, et f(-, ) also is an extreme point
of S by a result of Pell [19]. Then W, (e tf(-,t)) € ¥, (exS) for t > 0. Hence
U, (e7tf(-,t)) € ex¥,(S) by Lemma 3.1. On the other hand, since

V(e P f(-, 1) =e 'F(-,t), t>0,
the conclusion follows. [

We now prove one of the main results of this paper.

THEOREM 3.1. Let f € S and F = ¥, (f). Also let F(z,t) be the Loewner
chain given by (3.1). If F € exW,(S) then e 'F(-,t) € ex¥,(S) fort > 0.

Proof. Fix t > 0. Suppose that
e 'F(z,t) = A\G(2) + (1 = N)H(z), z¢€ B",
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where A € (0,1) and G, H € U,(S). Let V = V(z,s,t) be the transition
mapping associated with F(z,t). Also let V(z,t) = V(2,0,t) for z € B".
Then

F(z) = F(V(z,t),t) = M'G(V(z,1)) + (1 — Ne'H(V (z,t)), z € B".

Let g,h € S be such that G = VU, (g) and H = U, (h). Also, let v(z1,t) =
v(z1,0,t) where v(z1, s,t) is the transition function associated with f(z1,¢). A
simple computation yields

GV (2,1) = Unlelgo v(1)(2), =€ B".
Indeed, if vy = v(-,t) then

GV (2,1)) = (eglv(21, 1)), Ze e (g (v(z1, ) V2 (21, 6))/2) =

= (g ()). Bl g 0 0) (1)) = Wule'gow)(2). == (1.5) € B,

as claimed. Further, since g € S and v; is a univalent function on U such that
v;(0) = e™t, the composition e‘gow; is a function in S. Hence e!GoV; € ¥,,(S).
Similarly, e!H o V; € ¥,,(S). Then we deduce that

F(2) = AUy (e'g o v)(2) + (1 = NWu(cthow)(z), =€ B",

and since F' € ex ¥,,(S), we must have ¥, (efg o v;)(2) = ¥, (eth o vy)(2) for
z € B™. Finally, applying the identity theorem for holomorphic mappings, we
deduce that ¥, (g) = ¥, (h), i.e. G = H. This completes the proof. [

We next consider the analog of a result of Pell [19] concerning support
points and Loewner chains associated with the Roper-Suffridge extension op-
erator. See also [15].

LEMMA 3.3. Let f € S and F = W, (f). Also let F(z,t) be the Loewner
chain given by (3.1). If f € supp S then e 'F(-,t) € U, (suppS) fort > 0.

Proof. Let f(z1,t) be a Loewner chain such that f(z1) = f(z1,0) for
|21] < 1, and e 'F(-,t) = U, (et f(-,t)), t > 0. Since f € suppS, by [19,
Theorem] we have e ! f(-,t) € supp S, too, for all ¢ > 0. Hence e 'F(-,t) €
U, (supp S) for t > 0, as claimed. [

Using Lemma 3.3 and a result of Pfluger [23], we obtain the following
asymptotic result.

COROLLARY 3.1. If f € supp S and F(z,t) is the Loewner chain given
by (3.1), then there is some A € C, |A\| = 1, such that tlim e 'F(z,t) =

F)\(2) locally uniformly on B""1, where Fy is given by (3.2). Moreover, F\ €
U, (supp S).
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Proof. Let f(z1,t) be a Loewner chain such that f(z1) = f(z1,0) for
|1] < 1, and e ' F(-,t) = ¥, (e"t f(-,t)), t > 0. Since f € supp S, by a result
of Pfluger [23] (in particular, using the fact that the boundary curve of f(U)
has an asymptotic direction) we have

<1
(1 — /\Z1)2
and the limit holds locally uniformly on U for some choice of A, |A| = 1. Now,
it is easy to deduce that

lim @y (e f(,1))(2) = Fa(2)

locally uniformly on B", as claimed.

On the other hand, since the rotations of the Koebe function are all
members of supp S, the mapping F)\ belongs to ¥, (supp.S). This completes
the proof. 0O

ltlim e ' f(z,t) =

Ezample 3.2. The mapping F) given by (3.2) belongs to supp ¥, (5).
Proof. Tt suffices to assume A = 1. Let e; = (1,0,...,0) € 9B™ and
L: H(B"™) — C be given by
L(F) = (D*F(0)(e1,e1),e1), F € H(B"™).
Then it is clear that L is a continuous linear functional on H(B™). We show

that Re L|y,, (g is nonconstant and
ReL(F1) = max ReL(F).
FeU,(S)

Suppose that Re L\\I,n( s) is constant. Since the identity mapping id of B™ be-
longs to ¥,,(S), we have Re L(¥,,(f)) = Re L(id), Vf € S. This is equivalent to
Re(D*W,,(f)(0)(e1,e1),e1) =0, VfeES.

However, this is impossible since if k(z1) = 21 /(1 — 21)? then
Re(D*W,, (k)(0)(e1,e1),e1) = 4.
Hence we must have Re L\q,n( ) nonconstant, as claimed. On the other hand,
if f € S then a straightforward computation yields
Re(D*W,,(f)(0)(e1,e1),e1) = Re f'(0) < 4,

thus

Re L(Fy) = Fglya;(cs) Re L(F).

Consequently, F} € supp ¥, (S). O
Next, we obtain a representation for a continuous linear functional on

H(B™) in terms of the Taylor coefficients. The corresponding one variable
result is due to Toeplitz [33] (see also [3, Theorem 9.3] and [14, Theorem 4.3].
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First, note that a continuous linear functional L on H(B"™) is easily
expressed as a sum of continuous linear functionals on the component func-
tions, i.e.,

L(h) = L(hy,...,hn) =Y _L(0,...,0,7,0,...,0) =Y Li(hs)
k=1 k=1

for all h = (h1,...,h,) € H(B"), where
Lk(hk):L(O,...,O,hk,o,...,O), k:zl,...,n.

For each monomial 2% = 2" -+ - 27, let Ly(2*) = dj . We expand hy, in
a Taylor series for each k as

hi(z) = ch,aza, k=1,...,n.

LEMMA 3.4. L is given by

(3.3) Li(hi) =) chadk.a-

The series converges uniformly and L(h) =
k

n
Z Ck,adk,a'
=] «

Proof. For m € N, let
him(2) = Z Ch,a2”.
la] <m
Then
Ly(him) = Z Chalk.a-

lo]<m
The continuity of Lj implies that lim Lg(hgm) = Li(hy), and this implies

that the series (3.3) converges. Since any rearrangement of ) i o2 converges
«

locally uniformly to hg, any rearrangement of the series in (3.3) converges to
Li(hg). This completes the proof. O

THEOREM 3.2. The identity mapping of B™ is not a support point
of U,,(S).

Proof. It suffices to give the proof in the case n = 2. Suppose that L is a
continuous linear functional on H(B?) such that Re L|y,(s) is nonconstant and

Re L(id) = Fn}I}a)((S) Re L(F).
S
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(o] .
If f € S has the Taylor series expansion f(z1) =21 + Y a;2], then

J=2

(3-4) 2 (f)(z) = <2’1 + Z%’Z{, 2o, |1+ Zjajz{_l> =
Jj=2 j=2

(o.@) o
— <zl + Zajz{, 29 (1 + ijz{_l)>,
=2 =2

where the b;’s are determined by the a;’s.
Hence the restriction of a continuous linear functional on H(B?) to Wy (S)
is given by

(3.5) L(Ws(f)) =di1 + Y ajdij+doy + > bidaj,
j=2 j=2

where di; = Ll(z{) and dyj = LQ(ZQZ{_l), j>1.
Consider the function f(z1) = 21 + 722, which belongs to S if |y] is
sufficiently small. Let

oo
V1+2y2 =1+ +Zﬂj’yjz{,

j=2
and note that 8; # 0, j > 2. Then

(3.6) L(Ys(f)) = di1 + ydia + do1 + yda2 + Zﬁj—l’yj_ltbj =
j=3

(o]
=dy1 + doy + y(di2 + da2) + Zﬁj—ﬂj_ld2j-
j=3
Now, if dia + do2 # 0, we obtain that Re[y(di2 + da2)] > 0 by suit-
ably choosing the argument of 4. Then, choosing |y| sufficiently small and
noting that

N By Ly = Oy ),
j=3

we obtain

‘ Zﬁj—ﬂj_ldm" < Re[y(dy2 + d22)],
=3
hence

Re [7((112 +dao) + Zﬁj_17j_ld2j > 0.
j=3
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But then Re L(U3(f)) >Re L(id), which is a contradiction. Hence dj2+d22=0.
A similar argument using (3.6) shows that dy; =0, j = 3,4,.... In fact,
suppose that (3.6) has the form

(3.7) L(Wy(f)) = diy + do1 + Z Bi—17 " daj,

J=Jjo
where f(21) = 21 + vz}, jo > 3, and daj, # 0. Then, by suitably choosing
the argument of v, we obtain Re[B;,—177°"da;,] > 0, and, by choosing |7
sufficiently small, we obtain

o
> B’ o] < Re[Bjp—177 " daj .
J=Jjo+1
Thus Re L(¥2(f)) > Re L(id), which is a contradiction. '
To show that di; = 0, j > 3, consider f(z1) = 21 + 72z, where |y] is
sufficiently small. Since dig +dg2 = 0 and do; = 0, j > 3, it is easy to see that

L(f) = di1 + do1 + vda;.

The usual argument by contradiction yields that di; = 0.

We now know that dia + doo = 0 and that di; = do; = 0, j > 3. In
the representation (3.4) of Wa(f), we have as = by. Hence (3.5) shows that
L(Yo(f)) =di1 +doy forall feS. O

THEOREM 3.3. Let f € S and let f(z1,t) be a Loewner chain such that
f=7f(-,0). Let F(z,t) be the Loewner chain given by (3.1) and let F' = W, (f).
If F € supp ¥,,(S) then there exists tg > 0 such that e 'F(-,t) € supp ¥,,(S)
for 0 <t <tp.

Proof. We mention that some of the ideas used below come from the
proof of [15, Theorem 1].

Since F' € supp ¥,,(S), there is a continuous linear functional L on H (B")
such that Re L is nonconstant on ¥,,(S) and

. L(F) = L(G).
(3.8) Re L(F) Gg\}fi}((S)Re (G)

Fix ¢t > 0. Since L : H(B") — C is linear, we have
L(h) = L(hy,...,hn) =Y L(0,..., ht,0,...,0) = > Ly(hy),
k=1

for all h = (h1,...,h,) € H(B"), where
Lk(hk):L(O,,hk,O,,O), k}:l,...,n.
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It is easy to see that Ly is a continuous linear functional on H(B",C) for
k =1,...,n. Arguing as in the proof of [3, Theorem 9.2], we deduce that
there exist an integer m > 2 and a constant K > 0 such that

ILi(9)l < Ksup{lg(2)|: =z € BY_y,,,}, g€ H(B",C).

By the Hahn-Banach theorem, Lj extends to a continuous linear functional on
the space of continuous complex-valued functions on the closed ball ET_I /m
(with the supremum norm). Hence, by the Riesz representation theorem, Ly
is glven by integration with respect to a complex Borel measure supported on
B | /m- That is, there exists a compact subset Ej of B" and a complex Borel
measure dug supported on Fj such that

Li(g9) = /E g(z)dpk(z), Vge H(B",C),k=1,...,n.
Hence
Z (z)dur(z), Yh=(hi,..., hy) € H(B").

On the other hand, since F(z) = F(V(z,t),t), z € B™, t > 0, where
V(z,t) = V(2,0,t) and V = V(z,s,t) is the transition mapping associated
with F(z,t), we deduce that

j{jl[; SLUNE jgj 51),)dan(2).

Setting ¢ = V;(z) where Vi(z) = V (2,t), we obtain

_ -1 _
L@—;A%fMWMM(m—

— e_t et -1 .
_Zﬂw)fmwdmm«»

k=1

Since dvg(¢,t) = efdug(V;1(€)) is a complex Borel measure supported on the
compact set V(Ey,t) C B", we may consider the functional L; : H(B") — C
given by

n

L/(G) = ;/vm) CL(Odv(Cot), G = (Gr,... Gy) € H(BY).

Then L, is a continuous linear functional on H(B") and it is clear that

(3.9) L(F) = Ly(e 'F(-,1)).
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Moreover, if G € ¥,,(S) then by another change of variable we obtain that
(3.10) Li(G) = L'Go V), GeU,(9).

Next, taking into account the fact that F' € supp ¥,,(S) and equations (3.9)
and (3.10), we deduce that

ReLi(e 'F(-,t)) = Re L(F) > Re L(e'G o V}) = Re Li(Q)
for G € ¥,,(9), i.e.,

Re Li(e 'F(-,t)) = Gél\lpé:)({g) Re L(G).
Here we have used the fact that e!G oV, € ¥,,(S) for G € ¥,,(S), by a similar
argument to that in the proof of Theorem 3.1. Now the functionals {L; };>( are
weakly continuous in their dependence on ¢t. In particular, if id is the identity
mapping of B", then L;(id) — L(id) as t — 0. Since id is not a support point
of U,,(S), we have Re L(id) < Re L(F’). Hence there exists ¢, > 0 such that

(3.11) Re L;(id) < Re L(F) = Re Ly(e 'F(-,t)), 0<t<t.
For such ¢, Re Lt\\pn( s) is nonconstant. This completes the proof. [

Remark 3.1. If ¥,,(S) has the property that no bounded mapping is a
support point of W, (S), then e *F(-,t) € supp¥,(S) for all t+ > 0. For,
eV, = W, (e'v;) is a bounded mapping in ¥,(59), and we would have

Re Ly(id) = Re L(e'V;) < Re L(F) = Re Ly(e ' F (-, 1)),
and thus Re L¢|y,, () would be nonconstant.

CONJECTURE 3.1. No bounded mapping in ¥, (S) is a support point
of ¥,,(S).

Taking into account the above results, we can also state.

CONJECTURE 3.2. Let f € S°(B"), n > 2, and let f(z,t) be a Loewner
chain such that f(z) = f(2,0), z € B". If f € exS%(B") then e 'f(-,t) €
ex SO(B") for t > 0.

CONJECTURE 3.3. Let f € S°(B™), n > 2, and let f(z,t) be a Loewner
chain such that f(z) = f(z,0), z € B". If f € supp S°(B") then e~!f(-,t) €
supp S°(B") for t > 0.
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