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Chapter 1

Single period portfolio selection models with
complementarity constraints

The ideas of this chapter represent a continuation of the ideas presented in the Research Report 2014,
1. Algorithms for solving the minimum risk problem

In this section we shall give some estimations for the optimal value of the minimum risk problem with
proportional transaction costs.

Since the feasible set of the minimum risk problem is not convex one cannot use the standard algorithms
from nonlinear programming theory.

We shall give two heunstic algorithms in order to provide suboptimal solutions to problem (7). These
algorithms can provide good starting points for a third algorithm.

The application of the third algorithm supposes the resolution of a sequence of nonlinear programming
problems. The set of feasible solutions of each such problem is compact and convex. This fact allows the
application of standard algorithms from nonlinear programming.

However, the resolution of problem (7) requires a great computational effort.

Denote
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2:{[:u,\'}leRE“:uEI},'I]"_i\'-‘-_ih}
X ={(uv)e zW,=(e~q,) v-qlu. 0 (b+u-v)-qlv-quz W}

¥= {l:u,\']e X:ou'v ={]}

Mote that ¥ is the feasible set for the model (7), and X is the feasible set for the same model without the
complementarity restriction.

Denote:
f(uv)=(b+u-v) C(b+u-v)-qiv—q'u (wv)e X

Yo = min{ f{u,v):(u,v)e ¥}
h =I'f1in{f[u.\'}:[u,v}le X}

Without any loss of generality we may suppose that the components of the vector b of initial holdings
satisfy the following condition:

byzh,z..2b, >h,, =h, =...=bh, =

a

Thus k 1s the number of assets where the investor has initial holdings.
Denote I={12,...n}, I,={1.2...k}, I.=1—1,,P(I,) the family of all subsets of I,. For every
K e P(I,) we denote

K)={u,v)e X :u, =0,ie K| 1.y, =0, je (1, - K) 14}

Note that all the sets V(K) are convex and ¥ = | V(&

kaPiy)

One can easily see that the optimal solution of the problem (7) can be found by solving 2* standard
quadratic programming problems (SQPP). Here by a SQPP we understand a quadratic programming
problem with linear restrictions. More precisely, for every K e F‘[ID]I we solve the following SQPP:

min{f (u, v): (u, v)e ¥ (K)}
If we denote by (u(K ) v(K)) a solution of the above problem, then
¥o = min{ f{u,v):(u,v)e ¥ }= min{f(u(K),v(K)): K e P(1, ]}

If kissmall then it will be no problem to find the optimal solution of problem (7). I & is large we have
to use heuristic algorithms in order to obtain suboptimal solutions.

2
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Of considerable interest is to find lower estimates for p,,, that are greater than ¥, . In order to do that, for
every i, je I we shall define the sets:

A ={w,v)e X2, =0} B ={w,v)e xov, =0} ¢, =(4Us)Nl4,UE,)
One can easily see that

() (1

Since for every i€ f; we have B, = X it follows that for £ =2 we have
Al ()

Consequently

inf{/ (u,v): (u,v)e ¥}z Iiﬁkinf{;’[u,v}l: (w.v)eC, }=

}maxmf[fuu (u,v) EAUB}}mf{fu v):(u,v)e x}

==k

whenee y <y, <y <7,

We denoted

;l-'_—rl'(fﬁxlnf{fu'\ u,v) E.-‘IUB}

7, = max inf{f(u, v):(u,v)e C, |
1252k X

We note that ¥, can be computed by solving 2k SQPP. More precisely for every i€ [, we have to solve
the problems

inf{f(u,v}: [u,v}le A } inf{f[u.v}lzl:u,v}e B,}

We note that p, can be computed by solving 2k* —2& SQPP. More precisely for every 7, je [, i<
we have to solve the problems

inf{f[u.v]l:[u.v}le A,nA_,-}‘ inf{_{[u.v}: (u,v)e A,nii’_,-}
inf{f[u,v]l:(u,\'}e A_J.nﬁ’]}‘ inf[/'[u,\'}l:[u,\'}e BJnB_’.}_
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In the following we shall describe two heuristic algorithms for solving problem (7).
Heuristic algorithm 1.

We shall present a simple heuristic method for reducing the number of variables in the minimum risk
model.

In the first step we find a solution [u',\" } of the following SQPP:
min{/ (u, v):(u,v)e X} (8)

Denote [, =fie I =0}, I, =fie 1+ =0}, 1, =1, UL, I, =I—1, m=card(I,),
T={u,v)e X,u, =0,iel v, =0,iel, uv =0,iel,}

In the second step we solve the problem
min{f (u, v):(u,v)e 7'} ("
It is clear that the solution of the above model is complementary.

In order to obtain the optimal solution of the problem (9) we have to solve 27 SQPP. More precisely, for
every K e F‘(IJ] we solve the following SQPP:

min{f(u.v]:fu.v]e Xou, =0ie J’LUK-V; =0, je I_.U(L —K]}

Heuristic algorithm 2.

Choose a n-dimensional vector v'” with the following properties: 0= v <b and there exists a vector
u =0 such that [u,vr"’]}e X.

Solve the following SQPP:
(F::}' min{f[:ll.\’r'oj }: [:I.I,Wr":IJ }E X.ou'v™ ={}}

Let u" be a solution of (P, ). Solve the following SQPP:

(P minlf[u“"‘,v}: [u“"",\'}le X, v ={]'}
If " is asolution of (P} then we solve the following SQPP:

(£) min{uv"):(w.v")e X, u"v" =0} and denote by u"' a solution of ().

If we continue the procedure we obtain a sequence {(u“].v“]}}m from ¥ such that

Fllu®? v ) < (0™ V™) forevery k=0,
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We can continue the above procedure until the improvement of the value of the objective function at
[u“],v“]}. (that is &, = f[:[u het) et }I}—f[Iu“],v“] }I}I] become very small and the distance between
and f[:[:u“],v“] }} decreases under some prescribed number. If this does not happen after a number of

steps, one can choose at random another vector v such that 0< v < b, and repeat the algorithm.
Combinations of the above heuristic algorithms allow us to obtain better solutions.
The third algorithm.

For every re [y,,2) consider the set A(r)={(u,v)e X : f(u,v)<r}. Note that all the sets A(r) are
compact and convex and the function @)= min{u'I vi(uv)e A[r]}. re [;VL.M] is decreasing and has the

following properties:
(i) @lr)=0 for every re [y, o)
(iDIf y, <y, then g(r) >0 forevery re [y, 7))

Let [ul .¥,)e ¥ be a suboptimal solution of the problem (7). Eventually it can be found using heuristic
algorithms 1and 2. If {u,, v, ) is not optimal then f(u,,v,)>y,. Denote "=y, ,"= f(u,.v, ). Note
that r'< p, <r'".

Fi4r A AL
Ifa{ = =10 denoie rz"=%,r3 N

1 i 1 "
B+ o+
If'c)[?] =0 denote r3‘=%, ri'=n".

Note that r,'< ¥, £r,", ¢{r,)> 0, @(r,"')=0. We iterate the above argument. Suppose that
!’_‘1¢. ?’tl Ers“ ¢:'[!’.‘1}}0 ¢:{r.1“}:{} .

1 1" 1 1"
r o+ F o
Ifc)[‘z‘ ]:(}dcnntcn,._”z‘g‘ s =t

L1l

1 1" 1
o o
Ifa)[‘ 2‘ ]:»{]' denote r '=—— r '"'=r"".

3 s

One can easily seethat r_'< ¥, <r " Weobtain two sequences (') ., (") , with the following

properties: r'< ¥, <r ", [:’31}'.2-_ is increasing and convergent Loy, ., [r;“ ., 1s decreasing and convergent

u.v -
to 7 and for § 21 Iq'—r, 11|: L{EI—M Forevery s 22 denoteby (u,.v, ) asolution of the
5
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problem minfu"v: (u,v)e A(r,")}. Then {f(u,.v )} _ isa decreasing sequence which is convergent to

Y-

2. Formulation of the minimum risk model as a mixed-binary model.

Supposethat bz b, =, b =b_  =b_ ,=...=b =0.
Consider the vector b= (?}.,53,....;}“) where
P _{1 if ie{l,2,...k}

Sl it ie{k+lk+2.n)

Let D=diag((l +q,, )", (1+qu)" .. (1+q,,)" ). B=diag(b).
The minimum risk problem can be formulated as a mixed binary problem as follows

rmin[[b+u—v]TC|:b+ u—v]l
W,=le-q,) v-(e+q,) u

4 pr[b+u—v]—q2rv—q|u2 W,
0< u5[|{c-q3 )Tb-nqllnte-w]

ﬂiviBw,wiE,we{{},l}"

The decision variables are the vectors u,v,w. u and v are vectors in R' and w is a vector with
binary entries.

Note that the number of variables in the mixed binary problem is greater than the number of variables in
the initial model.

Note that the objective function in the mixed binary problem is quadratic and the constraints are linear.
For such a model there exist software packages that can solve it efficiently.

3. Numerical results

We consider the risk minimization model in the case of proportional transaction costs. We shall suppose

that the transaction cost rate for purchasing (respectively selling) assets does not depend on the asset. We
denote by p, (respectively p, ) the transaction cost rate for purchasing (respectively selling) assets. That
&

-

18 I [.\'}I: s Oy [\) =p,8 forall =12,..., n. Then ¢ " [.\'): ] = s for all i

Let n=10, Wy=100, #=300. In table 1 are displayed the optimal portfolios for the cases: p,=p,=0.01 and
1= p2=0.07. More precisely:
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— On columns 3 and 4 are displayed the assets purchased (vector u(1) ) and sold (vector w(1) ) in the
case p=p=0.01.

— On column 5 is displayed the vector x(1) =b + u(1) - v(1)

— On columns ¢ and 7 are displayed the assets purchased (vector u(2) ) and sold (vector v(2) ) in the
case p= p=0.07.

— On column & is displayed the vector x(2) =b + u(2) - v(2)

On the last row are displayed the sum of the entdes from the comresponding column.

Table 1. The wade decisions for different transaction costs rates

Assets Vector b WVector u(1) Vector v( 1) Vector uf2) Vector v(2)
1 2500 0,00 443,96 0,00 437,01
2 1300 0,00 477,92 0,00 479,40
3 1000 522,41 00,00 52422 00,00

4 2500 268590 0,00 2691,36 0,00

3 1500 0,00 131969 0,00 1317,75
6 1100 0,00 1 100,00 0,00 1 100,00
7 1200 0,00 1200, 00 0,00 1200, 00
8 2900 0,00 1178,59 0,00 1176,73
9 1400 200945 (0,00 134338 0,00

10 700 289,57 0,00 28739 0,00
Sum 16100 5507,33 3720016 4846,34 5710,88

4. Simplified minimum risk model with proportional transaction costs.
Dimension reduction

("..1 X w=k LS EES M - T
e | p=p,.pJeR" xR, e=e,.e,)Je R xR"™".C, isa k xk matrix, C,, =C},

Let C=[(""
(-J'.

isa kx(n—k)matrix and C,, isa (n—k)x(n—£k). B, =diaglh,.b,....b,)
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'min[(h, +u,—v, ) C, (b, +u, —v,)+2(b, +u, —v, ) Cu, +u,Cu,
W, =(1-g.)e/v, = (1+g,)e"u

FHbl +u - "'J'H"'zruz _‘?zclr"ll _‘;"lﬂru2 W,

[[I i }‘li—rbl _H’tll[‘:l _w|j

j0=u, =
1

1
I+¢q,

0=v, =Bw . w e foa}

“Euzi [l:l“?z)clrbl_”’tl t,

Decision variables are
- u=(u,u,je R xR"*
- wv,eR'

- w,efol}

The number of decision variables is equal to n+2k.

sr+k variables are continuous vanables (vector u and vector v )

k variables are binary {vector w,)

The objective function i1s quadratic and the constraints are linear.
The model can be solved with the MINLP solver from GAMS.

5. Minimum risk model with proportional transaction costs and non-smooth constraints
Let x be the portfolio after the revision.

a+ P{I

Denote @, = max(a,0) = 3

Mote that Tor every asset i [.t,. —b,), is the amount from the i-asset the investor purchases

(b, —x,), is the amount from the i-asset the investor sells.

The minimum risk model with proportional transaction costs is the following

[E ]

W, =(1-g. {Z(b,. -x,), ]—[1+q._{2(x,. _;Jf.)‘]
z.ﬂ’r —q{i (x, —h,), ]—q[z (b, —x,), ]3 W,

i=1 =1

x, 20, i=12,....n
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6. Comparison between efficient frontiers of minimum risk models with propoertional transaction
cost

The main risk minimization models are
+  Minimum risk model with proportional transaction costs and non-smooth constraints
+  Minimum risk model with proportional transaction costs and complementarity constraints

*  Minimum risk model with proportional transaction costs and binary variables

Comparison between efficient frontiers of
+  Minimum risk model with proportional transaction costs and binary variables
*  Minimum risk model with proportional transaction costs without complementarit y constraints

*  Minimum risk model with proportional transaction costs and relaxed binary variables
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7. Conclusions

We have presented several single period portfolio selection models in the presence of initial holdings and
transaction costs. Since the set of feasible solutions is not convex the objective map may present several
points of local minimum (maximumy).

An efficient approach in the attempt to find a global minimum {maximum) of the objective map is a
combination of computer simulation with heuristic algorithms.

We gave conditions under which one can find analytical solutions to our problems and we presented some
heunstic algorithms for obtaining suboptimal solutions and an algorithm for finding the optimal solution.
A formulation of the minimum risk problem as a mixed binary problem was given. Extensions of our
models in order to treat the discrete cases and to include some other measures of risk are underway.

In the next chapter a minimum risk model for the multi-period case will be a formulated.

11
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Chapter 2

Multi-period portfolio selection models with
complementarity constraints

In this chapter we extend Markowitz's portfolio selection model to multi-period models which include
proportional transaction costs in the presence of initial holdings for the investor. Our approach is new and
is in the line of our previous chapter. In order to reduce the amount of data (forecasts) from a series of
experts a stationary assumption is made.

1. Introduction

The standard portfolio model is one where an investor allocates his initial wealth among n risky assets.
Assuming the assets retums are stochastic, Hamry Markowitz (the 1990 Nobel laureate) in his pioneering
work described a theory postulating that rational investors should select a portfolio from the set of all
"feasible” portfolios which offers minimum risk for a given level of expected retum and maximum
expected retum for a given level of risk. Since its introduction in the fifties, the model has dominated a

great deal of the literature in portfolio analysis. For references concerning portfolio theory see: [23], [24],
[30].

The classical Markowitz's portfolio selection model is a single period model which does not suppose the
existence of initial holdings for the investor and does not takes into account the transaction costs. Pogue
[29] had extended Markowitz's portfolio selection model to include transaction costs, short sales,
leverage policies and taxes.

The mathematical problem of optimally managing a portfolio of securities in the presence of transaction
costs has received considerable research atention in recent years (see [1]. [2]. [6]. [7]. [9]. [11]. [12].
[15]. [22].[31],[32].[34]). Transaction costs consist of portfolio management fees and trade commissions.
In literature are considered three types of transaction costs. The first term is a fixed fee for the basic
services of a bank account. The second term summarizes the transaction commission. These fees can vary
with different asset classes. The third term is referred to a fee which is proportional to the investor's
wealth. It is some sort of management fee which is charged regularly for the management of a certain
portfolio and it depends on the curent wealth of the portfolio.

Models usually differ with respect to the design of the transaction cost function. A discussion on the
transaction costs can be found in [35].

12
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For the classical problem where the objective is to maximize expected utility of terminal wealth, most of
the attention has been devoted to the case of proportional transaction costs, that is, to the case where the
cost associated with a transaction is proportional to the amount of money that is shifted between the
securities. Representative of work in this category are the papers by Cvitanic and Karatzas [7], Davis and
Norman [9], Taksar etal. [37], Fleming et al. [15], and Shreve and Soner [34]. Typically, the optimal
strategy is characterized by a no-trade region, with trading that is essentially continuous on its boundary
used to keep a certain process contained in the region.

Other authors assumed the transaction cost has a fixed component, thereby precluding the optimality of
continuous trading. Morton and Pliska [25] assumed that the transaction cost is proportional to the
current value of the portfolio. They showed that the optimal strategy is characterized by a fixed vector of
portfolio proportions together with an optimal stopping rule, a pair which can be computed by solving a
free boundary problem.

There exists a large literature in this direction. For further references on this subject see [31], [32].

Practical portfolio investment problems under uncertainty are multiperiod problems. They can be
modelled well as multiperiod stochastic programs. For portfolio optimization problems, it is sufficient to
deal with discrete time models since the investments are done at fixed time instants. The numerical
optimization methods which need to be used to solve such problems sedously limit the level of detail in
the uncertainty about future asset prices and returns which can be incorporated. There exist a large
literature devoted to multiperiod portfolio optimization.

Early approaches to multiperiod portfolio selection problem can be found in [26], [8], [14][16-18], [3],
[4]. Important contributions in this direction were made in the eighties e.g. [3]. [10]. [19], [20], [27]. [33].

An approach to multiperiod financial optimization based on optimal scenario tree generation can be found
in [28]. For a recent bibliography connected with multiperiod models see [13], [22], [36]. All the
contnbutions, together with the progress in numerical methods, software and computer technologies gave
an impulse to the development of large scale real life applications. The multiperiod models can handle the
difficult problems of asset liability management and the strategic decision making under risk.

In this paper we intend to extend Markowitz's portfdlio selection model to multi period models which
include proportional transaction costs in the presence of initial holdings for the investor. Our approach is
new and is in the line of our previous papers [31], [32]. In order to reduce the amount of data { forecasts)
from a series of experts a stationanty assumption is made. Our model will work well only if in the
considered time horizon no great changes will be forecasted by the financial experts.

2. Formulation of the multiperiod portfolio selection models

We shall study the problem of an investor who has some initial holdings and knows in a prescribed
horizon of time the amount of payments (cash outflows) and the amount of cash inflows and the exact
moments when these financial flows will take place.

In our model we suppose that:

13
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the honzon of time is divided in s - 1 units which we shall call periods.
the investor has initial holdings in » assets.
all the transaction are made only at the moments t =012, m-1.

the investor wants to withdraw at the initial moment ¢ = 0 a sum of money equal to Wy At moment § =
1 the investor wants to withdraw a sum of money equal to Wy, ..., at moment =m-1 the investor
wants to withdraw a sum of money equal to W,.,. In the case when some W;is a nonnegative number
we shall consider that the investor sells his assets in order to obtain an amount of cash equal to W In
the case that W} is a negative number we shall consider that the investor buys assets and the value of

the assets is equal to - W= |Wr.|.

at period (=0 the initial holdings of the investor are described by the vector b =(b b,,..b ), that is

the investor had purchased before period =0 a quantity b; of asset i, i=1,2......n. Of course all &; are
nonnegative numbers.

the transaction costs for the assets are linear maps (usually they are piecewise linear) of the volume of
assets purchased or sold. We shall denote by g, the fee (percent) paid by the investor for purchasing
some assets. We shall denote by g, the fee (percent) paid by the investor for selling some assets. This
means that if the investor has a sum M of money and if he purchases assets then he will pay as a
commission a sum g, M . If'the investor sells some of his assets of value M then he will pay as a
commission the sum equal to g, M. We shall suppose that g and 4, do not change during time
horzon.

a unit of time was chosen so that the rates of retum for the n assets where the investor wants to make
the investment can be computed. We shall denote by & the rate of return for the asseti, =1,2,....n.
Obviously that & are random variables. In order to be more rigorous we shall consider that a
probability space (% ,P) was defined and & :Q—R ,i=12...., n. We shall denote

d, =inf | (@): we G}, i=12..... n. We shall suppose that d,=-1 forall 7 and that
jl&_,f.[m}lm dP(m) < +==

we shall denote by ; the expected value of & Let &5(&,&....... &) be the random vector of the rates
of return for the n assets and =g, ..., 18,) the vector of means{expected mtes of return).  Ateach
moment in the horizon of time, the random vector of the rates of retum for the »n assets is the same,
that is it not depends of time. OF course this stationary hypothesis is not very realistic but it will save
us from collecting a large amount of data {forecasts) from a series of experts. Of course our model
will work well only if in the considered time horizon no great changes will be forecasted by the
financial expers.

the risk of the investment is defined as the variance of the total return.

14
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Forevery re{l2,..m} i€ {2, ., n}we consider the random variables: = (1+¢& ) and the real

numbers a, = (1 +d,) . We shall denote by v, the expected value of 77, thatis v, = E(y,) For every
re{l,2,..,m} we define the random vector: 7. =(n .0 ,...n ) and the vector of real numbers

a =la a, . .a_) Leev =v v, . .v_),r=12_ mthe vectors whose coordinates are the

expected values of the random variables 1., .

Suppose that at moment = 0 the investor purchases a portfolio of assets w={wq, ..., 4g,) and sells a
portfolio of assets vi=(va, Voz...., vau). Here by wg we denoted the value of shares purchased from the i-th
asset and by vy we denoted the value of shares sold from the i-th asset.

Consequently the sum of money used by the investor to purchase assets from portfolio w, will be equal to

"

1 z u,, and the sum of money obtained by the investor after selling assets from portfolio vy will be
—df

equal to (1 -q, }Ii v,, . Of course the following restrictions must be satistied:

I3 1 I3
-y, v ——3»u =W
[: .Ir_ ]; (1) 1_(}_[ — o ]
b +u, —v, 20, i=12...n
At moment ¢ = 1, before the transaction, the value of the shares from the i-th asset will be

=(14E )b, +u, —v,,)

We suppose that at moment ¢ = 1, the investor purchases a portfolio of assets w={u;, t12,..., 1,) and sells
a portfolio of assets v ={vy, v2,..., v1,,) . At moment ¢ = |, afier the transactions, the value of the shares
from i-th asset will be

G =G0 +uy — vy = (L5 NB + g — vy )+ uy, — v, )

Since the sum withdrawn by the investor at moment 1= 1is W) the following equality must hold:

L] ] L3
[] — i }Z Vi — _Z”u =W,

= I-q 3
Since - must be nonnegative, the following inequality must hold
(1+d,.}|(!:r,. Uy — vy )Hu, —v, 20
This is equivalent to a, (b, + u,, — vy, )+, —v, 2 0.

At moment ¢ =2, before the transaction, the value of the shares from the i-th asset will be:

15
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£=(1+8) 8 = (&) (B, +uy, —vy )+ (14 & ), —v,)

We suppose that at moment ¢ = 2, the investor purchases a portfolio of assets w=(u2), t2,.... t2,) and sells
a portfolio of assets v,=(v,, Vog,.oos V2, ). Al moment [ =2, after the transactions, the value of the shares

from i-th asset will be E = g = vy =V E V(B g, — vy )+ 1+ E )y, — v, )+ s =y, )
Since G must be nonnegative, the following inequality must hold

f] + dr.}l {b{. + iy, — v&.}+ {] +d'r.qu - vu}+uy vy 20

This is equivalent to a,, (b +u,, —v, )+a,(u, —v, )+u, —v, =0.

Since the sum of money withdrawn by the investor at moment 1= 2 is W the following equality must
hold:

{] — g }“ Vy — _i”_w =W,

1
= 1-q, %=

By the repeated application of the above arguments we obtain that for every i€ {1.2..... n} the following
equalities hold:

L=h Co=(1+E)¢0, forevery re {2, m}
&=L wu, —v  forevery re 0,12, ,m—1}
Hence for every ie {1,2,..,n} and re{0,1,2,...,m —1} we have

g: 2(1+§s}§f‘u 2[1+'§;}(§: w U, Y, l..:}=
= r'fs{b; Ty, - "'w}+ n, L.F{ul.: " }+r|f _'.s{uz; - "'1;}+“' +“L.s{uf TS u]

Forevery re {{}.1,2,...,m —1} we have (1-g, }Iiv”. —Liu”. =W,..

=1 e
A sufficient condition that ¢ = 0 for every je {1,2....,n} and re{0,1,2,..,m—1} is

b 4wy, —v,, 20, i=12,..n andforevery ie{l,2,..n}and re{0,1,2,.,m -1}

=1
I .b.+u.—v.+z.r;

s=l

{u, —v. )20

E A ] i

The value of the shares from i-th asset owned by the investor at moment = m will be
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mi=l
g:n’ =[:1 + gﬁ }g: Li :b.‘,?mi: +qu ¥ [u.'f _v.v]'
j=0
The value of the assets in the investor's portfolio at moment ¢ = m is equal to:

i [ & wi=l wi=1
Er;; :Z g:v :Zb;qms +erflm I I:H.'f —“.=;}:’?:b+2’?: i [:”: _v.=}'
=1 [ 10

d=l =i

and the expected value of it is equal to
e ) =B+ S EML e, —v, )=vib+ S0 u, -v,).
f=0 =]

We denoted by e the n-dimensional vector of ones, that is e =(1.1,....1)".

The risk of the investment will be measured by the variance of the mndom variable ¢’ &7 .

One can easily see that:
D¢, ) = Elle’ ¢ - Bl GV 7L - B )] =
A=l \'J. &=l
- s[({nm ROLED N (I (RSN ERS S (W ORS |

A=

-~

= E[b"{nm —v_Jn, - um}"b+2mzlb"{11m v e =ve S e, —v, )+
jai

d=lai=1 X )
+ZZ[H.=_V.=}J{“M .=_Um ,:Irlm £V 1}J{u1_"'1}i|=
jmit k=)
w1 w0
= 'JJI.{:"rn.rri"I:l +2Zbrcm.m .=[u ) - V.=}+Z {I’II ) - F.: }J. Cm Ao J.{I"IJ. - VJ.l
F=0 Fel k=0
We made the following notations: C,, = E[I:.rjl: -V, In, -, }I’]. Joke{l2. . m}.

In the portfolio selection models we are going to study we shall suppose that the investor is rational, that
is at the moments i = 0,1...., mt - 1 when the investor is rebalancing his portfolio, he will not purchase
assets which he will sell at the same moment. In this case we can write that:

(™) u,v, =0, lorevery ie {1,2 ..... n} and re {{},1,2,..., m—l}

Since u,>20,v, 20 forevery ie{l.2,....n} and re{0,1,2....,m —1} it follows that the condition (*)
may be written in vector form as:

(**) w'v, =0 for every re {0,1,2,.,m—1}
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We shall call the condition (**) the investor’s rationality condition.
3. The risk minimization model
In this model the investor seeks to:

— withdraw for consumption at moments f=0,¢=1,....f =m - 1, the following sums of money W,
Wi...., Wy, from his porifolio. To do this he will rebalance his portfolio at moments (=0,/=1, ..., f
=m - | by purchasing and selling assets of his portfolio.

— to obtain at moment { = m an expected return greater or equal than W,
— to obiain a minimum risk for the retum at moment § = m.
Denote by ¢ the n-dimensional vector of ones, that is e=(1,1.....1)".

The equations of the risk minimization model are:

.
min[

e"[[]—q_,]'vr—]] J:rri|=W,.r='D.l.2 ..... m—1

1 A=l

mz:z [u.: - »'.:}]'Cm i e, — vl}+2$b"Cm_m [:r.: - »}:|

A=01

vib+ mzl vl .:[:f.: - »'.:}2 W, ab tu, —v, +Za [Ifﬁ - vﬁ}“-_’ 0r=12_m-1 i=12_n
j=i

b, —v, =0 ”.=]-V.= =0, w,z0 v, 20 j=012__m-1

We note that the input data of the model are:
—  the covariance matrices ', j. ke {012, m}

—  vectors of means v, r=12,...m

— the nonnegative vector b=(by, bo.....b,) of initial holdings.

— the transaction commissions (percent) for purchasing g, and selling g

— the matrix A=(a)

Parameters whose values are selected by the investor are:

— the length of the time unit (period). The estimation of the random vector & is based on this length.

— the length of the time horizon

— the sums of money Wy, W,... W, , which are withdrawn at the moments ¢ =0,1,2,....m-1

— the sum of money W,, which represents a lower bound for the expected return of the investor at
moment { = m. Of course when the investor chooses W, he must take into account the sums of
money Wy, W, W

The decision variables are:
—  The sequence of portfolios wug, ..., i, purchased by the investor
—  The sequence of portfolios vy, vi,....v,,. sold by the investor

18
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The aim of the investor is to find the sequence of portfolios w, v, j=0,1,2, . m-1 which minimizes the
objective map.

The multiperiod portfolio selection model lead vs to a special quadratic programming problem in which
are present complementarity restrictions (**). Unfortunately, the models presented here cannot be solved
efficiently at the moment. A portfolio with a few (two or three) risky assets and ten periods might be
tractable. A realistic portfolio with 30 or more assets and two or three periods will need too much time to
be solved.

Taking the transaction cost portfolio optimisation model we can analyse how the results change
compared to the case when we disregard transaction costs.
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