DUALITY FOR NONLINEAR FRACTIONAL
PROGRAMMING INVOLVING GENERALIZED
p-SEMILOCALLY b-PREINVEX FUNCTIONS

LM. STANCU-MINASIAN and ANDREEA MADALINA STANCU

We consider a nonlinear fractional programming problem with inequality con-
straints, where the functions involved are p-semilocally b-preinvex, p-semilocally
explicitly b-preinvex, p-semilocally quasi b-preinvex, p-semilocally pseudo b-
preinvex and p-semi-locally strongly pseudo b-preinvex functions. Necessary op-
timality conditions are obtained in terms of the right derivative of a function
along one direction. Wolfe and Mond-Weir type duals are associated, and weak,
direct and strict converse duality are established. Our results generalize those
obtained by Lyall, Suneja and Aggarwal [7], Patel [9], Stancu-Minasian [14], [16]
and Stancu-Minasian and Andreea Madalina Stancu [17], [18].
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1. INTRODUCTION

The convexity notion plays an important role in the mathematical pro-
gramming field. Various generalizations of convex functions have appeared in
literature.

In the last three decades, generalized convex functions received more
attention since these functions are able to describe and treat better mod-
els of the real world from economics, decision science, management science,
stochastics, applied mathematics, engineering, mechanics and other applied
sciences. Therefore, researchers working in various fields may be interested in
the subject of generalized convex functions. Among them we recall the class
of semilocally convex functions introduced by Ewing [2] by reducing the width
of the segment part and used by him to obtain sufficient optimality conditions
in variational and control problems.

Kaul and Kaur [5] defined semilocally quasiconvex and semilocally pseu-
doconvex functions and obtained sufficient optimality conditions for a class of
nonlinear programming problems involving such functions.
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Gupta and Vartak [3] defined p-semilocally convex, p-semilocally qua-
siconvex and p-semilocally pseudoconvex functions. Sufficient optimality cri-
teria were obtained by Gupta and Vartak [3] and Kaul and Kaur [4] for a
nonlinear programming problem involving these functions. Kaur [6] obtained
necessary optimality conditions and duality results by taking the objective and
constraint function to be semillocaly convex and their right differentials at a
point to be lower semicontinuous. Mathematical programming problems with
semilocally convex (p-semilocal convex) objective functions were considered
by Suneja and Gupta [20], [22], and Lyall, Suneja and Aggarwal [7].

Preda, Stancu-Minasian and Batatorescu [10] introduced the concepts
of semilocally preinvex, semilocally quasi-preinvex and semilocally pseudo-
preinvex functions. Fritz John and Kuhn-Tucker necessary optimality condi-
tions and sufficient optimality conditions were given and duality results stated
for Wolfe and Mond-Weir types duals using these concepts. Stancu-Minasian
[14] (see also [13]) considered a nonlinear fractional programming problem
where the functions are n-semidifferentiable, semilocally preinvex, semilocally
quasi-preinvex and semilocally pseudo-preinvex, and obtained necessary and
sufficient optimality conditions. A dual was formulated and duality results
were proved.

Another class of functions, more general than the class of semilocal prein-
vex functions is that of semilocally b-vex, semilocally quasi b-vex and semilo-
cally pseudo b-vex functions introduced by Suneja and Gupta [19]. These
authors established relationships between them and sufficient optimality cri-
teria [21] for a class of nonlinear programming problems together with Wolfe
and Mond-Weir types duals. Also, Patel [9] defined p-semilocally b-vex, p -
semilocally quasi b-vex, p-semilocally pseudo b-vex functions, and considered
a nonlinear fractional programming problem involving these functions, associ-
ated a Wolfe dual and proved duality theorems.

In this paper, a nonlinear fractional programming problem with inequal-
ity constraints is considered, where the functions involved are p-semilocally
b-preinvex, p-semilocally explicitly b-preinvex, p-semilocally quasi b-preinvex,
p-semilocally pseudo b-preinvex and p-semilocally strongly pseudo b-preinvex.
These functions were introduced by Stancu-Minasian and Andreea Madalina
Stancu [18], who obtained Fritz John and Karush-Kuhn-Tucker types neces-
sary optimality conditions and Wolfe and Mond-Weir types duality results
for a nonlinear programming problem. Here, necessary optimality conditions
are obtained in terms of the right derivative of a function along one direc-
tion. Wolfe and Mond-Weir type duals are associated, and weak, direct and
strict converse duality are established. Our results generalize those obtained
by Lyall, Suneja and Aggarwal [7], Patel [9], Stancu-Minasian [14], [16] and
Stancu-Minasian and Andreea Madalina Stancu [17], [18].
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2. DEFINITIONS AND PRELIMINARIES

In this section we introduce the notation and definitions which are used
throughout the paper.

Let R™ be the n-dimensional Euclidean space and R/} its nonnegative
orthant, i.e., Rf ={zx € R", ; 20, j=1,...,n}.

For z,y € R™, by x < y we mean x; < y; for all i, x < y means x; < y;
for all ¢ and x; < y; for at least one j, 1 < j < n. By z < y we mean z; < y;
for all i, and by = £ y we mean the negation of z < y.

Throughout the paper, all definitions, theorems, lemmas, corollaries, re-
marks are numbered consecutively in a single numeration system in each sec-
tion.

Let X0 C R™ be a set and n: X° x X? — R” a vector function.

Definition 2.1. A set X0 C R™ is said to be n-vex at T € X0 (with
respect to the chosen fixed function ) if T+ Ay (z,7) € X° for all 2 € X° and
A € [0,1]. The set XY is said to be n-vex if is 7-vex at any z € X°.

Definition 2.2 ([1]). Let n : R™ x R™ be a vector function and X° a
nonempty n-vex set. A function f: X° — R is said to be preinvex on X (f
is n-vex, for short) if we have

flu+n(z,u) SX(2)+ (1= Nf(u), Yo,ue XY Xel0,1].

Definition 2.3. A set X* is said to be an n-locally starshaped set at
T (z € X°) if for any @ € X© there exists a positive number a,(z,z), with
0 < ay(z,2) £ 1 such that Z+ Mz, z) € X° for any A € [0, a,(x,7)]. The set
X0 is said to be n-locally starshaped if is n-locally starshaped at any = € X°.

Definition 2.4. Let n : R® x R™ be a vector function and X° n-locally
starshaped set at T € X, with the corresponding maximum positive number
ay(x,T) satisfying the required conditions. Also let p € R and d (-,-) : X 0 x
X% — Ry such that d(z,7) # 0 for z # Z. A function f : X° — R is said
to be:

(i) p-semilocally b-preinvex (p-slb-preinvex) at T if for any z € X°,
there exist a positive number d,, (z,7) < a,(z,7) and a function b : X°x X% x
[0,1] — R4 such that

f(@+ Mz, 7)) < N(x, 2, \) f(x) + (1 — A\b(z, 2, \)) f(T) — pAd (z,7T)

for 0 < A < dy(x, @), \b(z,Z,\) = 1; if f is p-semilocally b-preinvex at each
Z € X0 for the same p and b, then f is said to be p-semilocally b-preinvex
on XY

(iz) p-semilocally quasi b-preinvex (p-slqb-preinvex) at T if for any
z € X° there exist a positive number d, (z,7) < a,(z,7) and a function
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b: X% x X% x[0,1] — R, such that

f(@) = f(@)
0<A<dy(z,@) p = b(z,z, ) f [T+ \n(z,T)] S b(z,T,N) f(T)—pAd(z,T);
Ab(z, 7, A) < 1

if f is p-semilocally quasi b-preinvex at each T € X for the same p and b,
then f is said to be p-semilocally quasi b-preinvex on XP°.

We remark that although the cases n(x,Z) =0 or b(x,Z,\) = 0 are not
excluded, in these definitions we agree not to take them into account.

Definition 2.5 ([10]). Let f : XY — R be a function, where X" is an
n-locally starshaped set at T € X°. We say that f is n-semidifferentiable
at T if (df)" (7, n(x,T)) exists for each x € X9, where

_ _ N SR _ _
(the right derivative at T along the direction n(x,T)). If f is n-semidifferentiable
at any T € X, then f is said to be n-semidifferentiable on X©.

Definition 2.6. Let f : X° — R be an n-semidifferentiable function on
X9, We say that f is p-semilocally pseudo b-preinvex (p-slpb-preinvex) at
7 € XVif

AN @0 (2,7) Z —pd(2,Z) = b(z,T,N) f(z) 2 b(2,7,N) f(T).

If f is p-semilocally pseudo b-preinvex at each T € X for the same p and b,
then f is said to be p-semilocally pseudo b-preinvex on X°.

Definition 2.7. Let f : X° — R be an n-semidifferentiable function

on X°. We say that f is p-semilocally explicitly b-preinvex (p-sleb-
preinvex)at T € X0 if

b(z,7) [f(z) = f @)] > (df)" (@ n(2,7)) + pd(2,7)

for each € XY, x # T, where

(2.1) b(x,T) = lim+b(x,f, A) and Ab(x,Z,A) S 1.

—

Definition 2.8. Let f : X° — R be an n-semidifferentiable function on
X9, We say that f is p-semilocally strongly pseudo b-preinvex (p-slspb-
preinvex) at 7 € X0 if

bz, T)(df) " (2, 0z, 7)) 2 —pd(z,T) = f(z) 2 f(T),

where b(x,T) is defined by (2.1). If f is p-slspb-preinvex at each z € X° for
the same p and b, then f is said to be p-slspb-preinvex on XP°.
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An m-dimensional vector-valued function ¢ : X° — R™, is said to be
p-slb b-preinvex (p-slq b-preinvex, p-slpb-preinvex, p-slspb-preinvex, p-sleb-
preinvex) on XV if each of its components is p-slb-preinvex (p-slqb-preinvex,
p-slpb-preinvex, p-slspb-preinvex, p-sleb-preinvex) on X,

Remark 2.9. These definitions reduce to those of p -semilocally convex, p-
semilocally quasiconvex, p-semilocally pseudoconvex considered by Gupta and
Vartak [3] (when b(z,z,)\) = 1, n(z,T) = ¢ — T and d(z,7) = ||z — z||%), to
those of p-semilocally b-vex, p -semilocally quasi b-vex, p-semilocally pseudo b-
vex considered by Patel [9] (when n(x,T) = 2 — T and d(z,T) = ||z — ||%), to
those of semilocally preinvex, semilocally quasi-preinvex, semilocally pseudo-
preinvex considered by Preda, Stancu-Minasian and Batatorescu [10] (when
b(x,z,\) =1 and p = 0), to those of semilocally b-preinvex, semilocally quasi
b-preinvex, semilocally pseudo b-preinvex, semilocally explicitly b-preinvex and
semilocally strongly pseudo b-preinvex considered by Stancu-Minasian [16]
(when p = 0).

If f is n-semidifferentiable, an alternate and equivalent definition of p-
semilocally b-preinvex and p-semilocally quasi b-preinvex functions is given in
Theorem 2.10. These results were proved in [17] and follow from the above
definitions.

THEOREM 2.10. Let f: X° — R be an n-semidifferentiable function on
an n-locally starshaped set X°.
(a) If f is p-slb-preinvex at T € XO, then

(22)  Bba,D)[f(x) - f@)] 2 (d)* (@ n(z, 7)) + pd(2,T), Vze X°,
(b) If f is p-slgb-preinvez at T € X°, then
f(@) £ f(@) = b, 7)(df) " (2, (2, 7)) £ —pd(2,T), Voe X",

where b(x,T) = /\linoab(:c,f, A) and Ab(x,Z,\) < 1.

Remark 2.11. In Definitions 2.1 and 2.2 of n-vex set and n-functions we
do not used the classical phrase “... if there exists a function 7 (-) such that
.7, which was originally used by various Australian authors. The problem
is that using this “existence” approach, the n’s of the domain sets and of the

preinvex functions may differ, thus able to lead to errors.

3. NECESSARY OPTIMALITY CRITERIA

Consider the nonlinear fractional programming problem
(P) Minimize ¢(z) = @)
9(x)
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subject to

h(z) £0, zeX°

(i) X° C R™ is a nonempty n-locally starshaped set;

(i) f: X" =R, f(z) =0, Vz e X

(iii) g : X = R, g(z) >0, V2 € X,

(iv) h = (hi)1<igm « X0 — R™

(v) the right differentials of f,g and hj;, j = 1,...,m, at Z, along the
direction 7 (x,T) do exist.

Let X = {x € X | h(x) Z 0} be the set of all feasible solutions to (P),
and

N. () ={xz e R" |||z —T| < e}

Definition 3.1. (a) T is said to be a local minimum solution to Problem
(P) if # € X and there exists ¢ > 0 such that x € N.(Z) N X = f(z) < f(x).

(b) z is said to be the minimum solution to problem (P) if z € X and
f (%) = minf(z).

For z € X we define the sets of subscripts I = I (z) = {i | h; (z) = 0},
J = J(z) = {i | hi () < 0}, and denote h; = (h;);c;. Obviously, T U J =
{1,2,...,m}.

Now, we introduce

Definition 3.2. We say that the function h satisfies the generalized Slater’s
constraint qualification (GSQ) at € X, if h; is p-semilocally strongly pseudo
b-preinvex at  with p = 0, and there exists £ € X such that h;(z) < 0 for
1el.

In what follows we need the following theorem of the alternative stated
by Weir and Mond [22].

THEOREM 3.3 ([22], Theorem 2.1). Let S be a nonempty set in R™ and
f:S — RP, a preinvex function on X (with respect ton). Then either

f(z) <0 has a solution x € S
or

N f(x) =0 for all x € S, for some A € RP, X\ >0,
but both alternatives are never true simultaneously.

The following result can be proved on the lines of Mangasarian [8] and
Stancu-Minasian [14].

LEMMA 3.4. Let = € X be a (local) minimum solution for (P). As-
sume that h; is continuous at T for any i € J, and that f,g and hr are
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n-semidifferentiable at T. Then the system
(3.1) (@) @ n(@,7)<0, (dg)" @ n(z,7))>0, (dh)* (T,n(z,7)) <0,
has no solution x € X°.

Now, we consider the parametric problem
(Py) Min f(z) — Ag(z), X € R (X aparameter)

subject to h(z) £ 0, x € XV.

It is well known that (P)) is closely related to problem (P).

The next result is well known in fractional programming [12] and estab-
lishes a connection between the fractional programming problem (P) and a
certain parametric programming problem (P)).

LEMMA 3.5. T is an optimal solution to Problem (P) if and only if it is
optimal solution to Problem (Py) with A = f(Z) /g (Z).

We shall use Karush-Kuhn-Tucker necessary optimality conditions for
(P)) as given by Stancu-Minasian and Andreea Madalina Stancu [18].

THEOREM 3.6 (Karush-Kuhn-Tucker Necessary Optimality Conditions).
Let  be a (local) minimum solution to Problem (P) and let h; be continuous at

z for i € J. Assume also that (d(f — 5\g))Jr (T,n(x,Z)) and (dgr)" (Z,n(z,T))
are preinvez functions of x on X0 which is an n-locally starshaped set. If h
satisfies GSQ at T with b(x,T) = /\lirgl+b (x,T,\) > 0, then there ezists y € R™

such that
(32)  (A(f - A9)" @ n@.®) + ¢ (@) @0(@,7) 20, Vae X,

(3-3) f(@) = Ag () =0,
(3.4) 7'h(z) =0,
(3.5) yz0

Proof. Let Z € X be a (local) optimal solution to Problem (P). By
Lemma 3.5, Z is also a (local) optimal solution to Problem (P5), where A\ =
f(z) /g (Z). Since the conditions of Lemma 3.4 are satisfied, system (3.1) has
no solution z € X°. Also the system

has no solution z € X°. Therefore, by Theorem 3.3 there exist uy € R, u; € R,
i € I(z), such that

ug [(Af)" (2,0 (2,7) = A(dg) " (2, n(x,7))] +
+uit (dh)* (2, (2,T)) 20, Vo€ XY

(3.7)
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(3.8) h(z) <0

(3.9) (ug,uy) > 0.

If we define u’; = 0, by (3.7) we get

ug [(df)" (@, (2,7)) = A(dg)™ (@, n(z,7))] +
+u*t (dh)* (Z,n (2,7)) 20, VYoe X°

and from (3.9), we have

(3.11) (upu*) > 0,

(3.10)

where u* = (u},uY).
Since hr (z) = 0, for u* = (u},u’) we have

(3.12) wh(z) = 0.

Now, suppose that ufy = 0. Then (3.8), (3.10), (3.11), and (3.12) re-
duce to

(3.13) u* (dh) " (z,m (2,7)) 20, Voe X°
(3.14) u*h (z) =0,

(3.15) h(z) <0,

(3.16) u* > 0.

Using the generalized Slater’s constraint qualification at z of h, we deduce
that h; (+) is p-semilocally strongly pseudo b-preinvex at & and there exists
Z € X such that

Kl

(3.17) hr (Z) < 0.
Since u% =0, (3.13) becomes
(3.18) uj (dhp) ™ (2,1 (2,7)) 2 0.

As hy (z) =0, by (3.17) we obtain hy (Z) < hy (Z) .

Now, by p-slsp b-preinvexity of h; at z, since p = 0 and d (Z,Z) = 0, by
Definition 2.8, we have
(3.19) 5(7,7) (dhe)" (@0 3,7)) < —pd (3,7) < 0.
Combining (3.16) with (3.19), as b (Z,Z) > 0, we obtain

u?t (dh1)+ (j:a n (i‘\’ f)) < Oa

which contradicts (3.18). Thus, ug # 0.

If we put gy = Z—g from (3.10)—(3.12) we get the conditions in the statement

of the theorem, and the proof is complete. [
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4. WOLFE DUALITY

With (P) we associate the Wolfe dual stated as
(D) max ¢ (u, v, y) = (f(u) —vg(u)) + y'h(u)
subject to

(d(f =vg) " (u,n (u,2)) +y' (AR)" (u,n (u,2)) 20, Ve X7,

f(u) —vg(u) 20, y 20
u € X% y € R™. Let W denote the set of all feasible solutions to Problem (D).
The next theorems show that Problem (D) is a dual problem to (P).

THEOREM 4.1 (Weak Duality). Let 2° € X and (u 00,y ) € W. Assume

that
a1) f—wg is p-slb-preinvex and hj, j=1,...,m, are pj-slb-preinvex on
X0 with b (:EO uo) = Ah%l b (:E u? )\) > 0;
az) p+ Z pjyj 2 0.
Then
F@®) =0 g(2®) 2 ¢ (u°,0%,5°).
Proof. By condition (a;) and Theorem 2.10 we have
b (2%, u) {[f(2?) = %9(2%)] — [f(u°) = g(u")] } 2
(4.1) > +(,,0 0,0 0,0
2 (d(f —vg)" (u¥,n (2°,u?)) + pd(a°,u)
and
(42) (xO,uO) [hy(a®) = hy(u”)] = (dhy)* (0, (a®, ) + pyd(a®, ),
forall j =1,.
From (4 1) and (u®, 0%, y%) € W we have
b (a%,u) {[f(2%) = 0%9(a")] = [f(u”) = g(u")]} 2
2 (@) (00 () 4 e ) 2
25 ) S  (spS 20)
j=1 Jj=1

- Z y? [(dhj)+u0a 77(1‘07 uO) + pjd(l‘o, uO)]
j=1
=Dy (hy(®) = hy(u®)) (by (4.2)) =

=1

1\
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= — Zy?hj(xo) + Zy?hj ) = Z (as h; (xo) <0 and y? = 0).
j=1 j=1 j=1
So, as b (a:o,uo) > 0, it follows that
F(@®) = 0%(2°) = f(u°) = %9 (u®) + y”h(u°) = ¢ (u°, 0%, ¢°)

and the proof is complete. [J

COROLLARY 4 2. Let 2° € X and (u’,0%,y°) € W such that f(2°) —
w0g(2%) = ¢ (u 00y ) If the hypotheses of Theorem 4.1 are satisfied, then

20 is an optimal solution to Problem (P) and (u W,y ) 1s an optimal solution
to Problem (D).

THEOREM 4.3 (Direct Duality). Let 2% be a (local) optimal solution to
Problem (P) such that

(by) for each i € J, h; is continuous at z°;

(be) (d(f —vg))" (2%, n(x,2?)) and(dh)+(x0,n(x,:c0)) are preinvex func-
tions of x € XY;

(b3) h satisfies GSQ at zY;

(by) f—wg is p-slb-preinvex on X°, with b(x,z°) = ,\li%l+b (x,xo, )\) >0

(bs) for each j =1,2,...,m, hj is p;-slb-preinvex on X0,
Then there exist v° € R and y° € R™ such that (a: v , Y ) s an optimal
solution to Problem (D) and f(x°) — g (:EO) =0 (l‘ Wy ) provided p +

m
Zpﬂ?iOandmiOforjel.
j=1

Proof. Since p; 2 0 for j € I, and hy is p-slb-preinvex for all j = 1,...,m,
p—slpb—preinvex Thus 20 satisfies the conditions of Theorem 3.6 and there
exist 1 € R and 3° € R™ such that (l‘ W0y ) is feasible to Problem (D)
and y"h (a: ) = 0. Therefore, by Corollary 4.2, (xo,vo,yo) is an optimal
solution to Problem (D) and

F@®) —%9(2%) = ¢ (2°,0°,9%). O

THEOREM 4.4 (Strict Converse Duality). Let 2° and (z*,v*,y*) be a
(local) optimal solution to (P) and (D), respectively, such that

(c1) for each i € J, h; is continuous at x°;

(c2) (d(f —vg))" (2%, m(x,2°)) and (dh)" (2, n(z,2°)) are preinvez func-
tions of x € XY,

(c3) h satisfies GSQ at zY;

cs) f—vg is p-sleb-preinvexr on X°, with b(x, z*) = lim b(2?,z*, \) > 0;
)\ 0+

(c5) for each j =1,2,...,m, h; is pj-slb-preinvex on X9
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m
(c6) p+ '21 piy; = 0.
‘]:

Then x* = x° cmdf(a:o)—vog(a:) p(a: v ,y)

Proof. Assume for a contradiction that 2* # 2. Since 2° is an optimal
solution to (P), by Lemma 3.5 it also is an optimal solution to (P,). It
then follows from Theorem 4.3 that there exist v* € R and y° € R™ such that
(2°,0%,9°)is a feasible solution to (D) and y”h(2°) = 0ie. f(z?)—2v' (2°) =
% (wo,vo,yo). Since (z*,v*,y*) is an optimal solution to Problem (D) and

20 € X, we have
(4.3) (d(f —v*g)" (2%,m (2 2)) + v (dh) " (2%, («°,2%)) 2 0,

From the p-slb-preinvex assumption of f — vg and z* # 20, by Theorem 2.5
we have

0

b (2 2") {[f (2") =0 g(")] = [f (") = v"g ("]} >

> (d(f —vg)) " (2%, (2% 2)) + pd(a?,2%)
while from (c5) and keeping in mind that y* = 0, we have

E(J:O,x*)y*t (h(xo) — h(x*)) = Zy;f(dhj) x*,n( 20, z* + Zp]yj 20, z*

Now, adding these inequalities, by (cg) and (4.3) we obtain
b (2% a%) {[f (%) = v 9(a")] = [f (z") = v"g ()] + ™ (h(2®) = h(z"))} >
> (d(f —vg)) (2%, (:EO z*)) +

+> w5 (dhy) T (2% n(”, 27)) + <p+ Zpgy]> z*) 20,
j=1

ie.,
(4.4) © (:L‘O, vo,y*) > (2%, 0", y") .
We also have ¢ (z*,v*,y*) = ¢ (xo,vo,yo) because (z*,v*,y*) is an op-
timal solution to Problem (D). Hence, by (4.4),
(4.5) ® (:L‘O, vo,y*) > (xo,vo,yo) :
Since y*h(x) = 0, from (4.5) we have
(4.6) y*h(x?)

> 0.
But 2(z) <0 and y* >0 yleld y*th( 0) <0 which contradicts (4.6). There-
fore, z* = 20 and f(2°) — v0g(2°) = ¢(2°,v%,y*), and the proof is com-

plete. O
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Remark 4.5. (a) If g(x) = constant for all x € X° we obtain the Wolfe
dual considered by Stancu-Minasian and Andreea Madalina Stancu [17],

(b) If g(z) = constant for all z € X? and p = 0, we obtain the Wolfe
dual considered by Stancu-Minasian [16],

(c) If p=0, n(z,2°) = 2 — 2° and d(x,2°) = ||z — z
Wolfe dual considered by Patel [9].

Y| we obtain the

5. MOND-WEIR DUALITY

For Problem (P) we consider the Mond-Weir dual problem

(D1) minw (\) = A

subject to

(5.1) (Af)*(y,n(z, ) =AMdg)™ (y,n(z,y)) +u'(dh) " (y,n(z,y)) 2 0, Vre X,
(5.2) fy)—Ag(y) 20,

(5.3) u'h(y) = 0,

(5.4) w>0,ye X', ueR™ AeR, A20.

Let T denote the set of all feasible solutions to Problem (Dy).
THEOREM 5.1 (Weak Duality). Let 2° € X and (y°, A%, u®) € T. Assume

that

(a1) f is o-slbi-preinver at z°, —g i‘i 7-slbi-preinvezr at z°, and hj is
pj-slba-preinvez at 2°, j = 1,...,m, with b;j(a",y°) = /\lilg+bi(x0,y0,)\) > 0,
1 =1,2;

(ag) o + A\07 + '21 pjud = 0.

‘]:
IEO

Then ggaﬁ; > v(A0).

Proof. Assumption (a;) yields
(5.5) b1 (2, y) [F (@) = F(u°)] 2 (d)T (" (2, y%)) + od(a”,y°)
and
(5.6)  bi(2,y")[=g(z") + 9(y")] = —(dg) " (v°, (2, y°)) + 7d(2°, ).
For each j = 1,...,m the function h; is p;-slbao-preinvex at 20 and, therefore,

by Theorem 2.10 we have
52(1‘0, yO) [hj (1,0) - hj (yO)] Z (dhj)+ (yO’ 77(53(), yO)) + ,[)Jd(l‘o, yO)’
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for all j = 1,...,m. Multiplying by ug = 0, and adding these inequalities yield
(5.7)

bo(2°,y°) > ;[ hy(a®) =y (y°)] Zu®(dh)T (40, +Z ulp;d(a,1)°)

7j=1
From (5.5)—(5.7) and (5.1) we obtain
b1 (2% y°) [f(2°) = F(°)] 2 (df)T (4% 0(z°,9")) + 0d (2°,9°) 2

+ (a + X%+ 3 ug-’,oj) d(z%,yY).

j_

As u® =0, h(2%) £ 0, ba(2°,9°) = 0 and o + Ao + Zp] u? = 0, this
7j=1
along with (5.3) and (a3), yields

by (2, 90)[f (%) = F(°)] 2 A1 (2, ) [9(2°) — g(3°)].
Since 51( Oy > 0 We have f(z%) — f(y°) = A° (g(mo)—g(yo)) or

(2% = Aog(2%) = £(y°) — A\(3°) = 0 (using 5.2).
) ggz())) = )\0, thus completing the proof. [

THEOREM 5.2 (Weak Duality). Let 2° € X and (yO,AO,uO) eT. As-
sume that
(by) (f - )\Og) is p-slbi-preinvex at x°, and hj is pj-slba-preinvex at 20,
j=1,...,m, with bj(2°,y%) = )\lim+bi (a:o,yo, /\) >0,1=1,2;
—0
m
(bg) p+ Z ijQ Z 0.
£(=%) )
Then 7@ = > (/\0)
Proof. From (by), (y,A% u°) € T and Theorem 2.10 we have

(5.8) by (2°,5%) [f(2°) = A09(2%) = (F(»°) — Xg(y"))] =
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2( f AO )+(y”,77 y")) + pd(a®,y") 2
> — )" (y°, (2, )+pd( y') =
> —bo(z°, y")u h(2®) + ba (2, y*)u " h(y (p—l—z,o] > 0 49).

Since u® > 0, h(z") £ 0, by(2,4°) = 0, from ( 0Ny ) € T and (bs) we have

bi(2®,y°) [£(2°) = Ng(a®) = (F (") = Ng(y"))] 2 0,
whence, as Bl(xo,yo) > 0, we also have f(z%) — f(y°) = XY (9(z") — g(y*)) , or
F@®) = N(2°) = f(y°) = A%(y°) 2 0 (using 5.2).

Hence, % > X\ thus completing the proof. O

THEOREM 5.3 (Weak Duality). Let 2° € X and (y°,\°,u°) € T. As-
sume that:

(c1) (f — g+ uOth) is p-semilocally strongly pseudo b-preinvex at z°,
with b(x°,y°) = /\linghb (xo,yo, )\) > 0;

(c2) p 2 0.

Then L&) > 4 (A\9).

g9(z%) =

Proof. Let z° € X and (y°, A\°,u%) € T. Condition (5.1) can be writ-
ten as

1\

(A(f = A% +u®h)) " (3%, n(",5°)) = 0.
So, as b(z%,y") > 0 and p = 0, we have

b(@°,y")(d(f — Mg+ uh) (4°,n(2°,4"))
This inequality and assumption (c1) yield

F(@%) = X0g(2®) + uh(2") = f(y°) — X09(y°) + u"h(y")

v

0

1\

—pd(IL’O, yO)

or
(5.9 f@%) =20 = f(4°) = A9(y°) — u”h(a®) + "R (y").
But, for 20 € X and u® > 0 we have u%h(2?) < 0 while for (yo, )\O,uo) erT

we have f(y%) —A%(y°) = 0 and u%h(y°) = 0. Thus, inequality (5.9) becomes
f(a) =N (a%) 2 0, e,

The proof is complete. [

COROLLARY 5.4. Let 2° € X and (:L‘O,)\O,uo) € T such that g (:EO) =

v(AY). If the hypotheses of either Theorems 5.1, 5.2 or 5.3 are satisfied, then

20 is an optimal solution to (P) and (:L‘O, MO, uo) is an optimal solution to (D).
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Proof. According to Theorems 5.1, 5.2 and 5.3 , for each z € X we
have g(z) = v (A°) = ¢(2") hence 2° is an optimal solution to problem (P).
Also if (:L‘O,)\O,uo) € T then according to Theorems 5.1, 5.2 and 5.3, we
have v ()\) £ q(20) = v()\o), hence (wo,)\o,uo) is an optimal solution to
problem (D).

THEOREM 5.5 (Direct Duality). Let 2° be a (local) optimal solution
for (P). Let h;, i € J be continuous at 2° and let — (df)" (2% n(x,2°)),
(dg)* (2% n(z,2°)), (dh)T (2% n (2,2°)) be n-vex functions of x on X° (a
n-vexr set at x°) with respect to a function n. If h satisfies GSQ at z°, then
there exists (xo,/\o,uo) € T such that q(2°) = v ()\0). Moreover, if either
of hypotheses (di)—(ds) below holds, then (a:o,)\o,uo) 18 an optimal solution
to (Dl)i

(dy) f is o-slbi-preinvez at 2°, —g is T-slby-preinvez at 2°, and h;, j =
1,...,m, is pj-slba-preinver at 20, with b; (a:o,yo) = )\li%l+bi (a:o,yo,/\) > 0,

m
i=1,2, and o + o7 + Z,oju? > 0;
j=1
(ds) (f—)\og) is p-slbi-preinvex at z°, and hj is pj-slbo-preinver at
20 5 = 1,...,m, with b;(2°,4°) = lim+bi (xo,yo,)\) >0,7=1,2, and p +
A—0

m
> pjus
j=1

=
v

0;

b

d3) (f — N0 + uOth) is p-semilocally strongly pseudo b-preinver at z°,

(ds) (
with b(x°,y°) = /\linOl+b (xo,yo, )\) >0, and p 2 0,

Proof. Since 20 satisfies the conditions of Theorem 3.6, there exist \° €
R, u® € R™ such that (2%, A%, u?) is feasible for (D) and ¢(z") = v(A?). Hence,
by Corollary 5.4, (2%, \°, u%) is optimal for (Dy). O

Remark 5.6. We can formulate a more general Mond-Weir dual for Prob-

lem (P) by using a partitioning scheme of the constraints. Let {Jy,...,J,}
be a partition of the subscript set M = {1,2,...,m}, i.e., Js C M for each

se{l,...,r}, J.NJs =0 foreach r,s € {1,...,n} withr # s, and glJS:M.

Instead of constraint (5.3) we can use a constraint of the form
uf]khjk (y) 20, fork=1,2,...,r

and then prove weak, strong and strict converse duality theorem under gener-
alized p-semilocally b-preinvexity conditions.

Remark 5.7. (a) If p = 0, we obtain the Mond-Weir dual considered by
Stancu-Minasian and Andreea Madalina Stancu [17].
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(b)Ifp=0,b (a:,a:o, )\) =1landn (a:,a:o) = 2 — 2¥ we obtain the Mond-

Weir dual considered by Lyall, Suneja and Aggarwal [7].
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