HERMITE-HADAMARD TYPE INEQUALITIES
OF CONVEX FUNCTIONS WITH RESPECT TO
A PAIR OF QUASI-ARITHMETIC MEANS
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In this paper, we establish some integral inequalities of Hermite-Hadamard type,
in the framework of Borel probability measures.
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The Hermite-Hadamard inequality asserts that for every continuous con-
vex function f defined on an interval [a, b] and every Borel probability measure
w on [a,b] we have

b - —a
M) f0)< [ fe)dule) < T+ L

where

f(0),

—a

b, = /ab xdp(z)

is the barycenter of p. See [3] for details.

The aim of this paper is to prove an analogue of Hermite-Hadamard
inequality in the framework of quasi-arithmetic means.

Let I be an interval and ¢ : I — R a continuous increasing function.
The weighted quasi-arithmetic mean associated to ¢ is defined by the formula

Mgy (a,b51 = A 0) = 7 (1= M) p(a) + Ap(b))

for a,b € I and A € [0,1].
The weighted arithmetic mean

A(a,b;1 =AM =(1—=XNa+ b
corresponds to ¢(x) = z, and the weighted geometric mean

G(a,b;1 =\ \) = a0
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corresponds to p(x) = log z.
Given a pair of continuous increasing functions ¢ : [a,b] — R and 1) :
[c,d] — R, a function f : [a,b] — [c,d] is called (M), M{y))-convez if

f (M[go] (flf,y; 1—A, )‘)) < M[w] (f(x)vf(y)a 1=A, >\)

for every z,y € [a,b] and X € [0,1].

The theory of (M[@],M[w])—convex functions can be deduced from the
theory of usual convex functions. Indeed, f is a (M (o M M)—convex function
if and only if 1o fop ™! is convex. This fact allows us to translate results known
for convex functions into their counterparts for (M (o) M M)—convex functions.
We will next consider the case of Hermite-Hadamard inequality. Our approach
is based on the concept of push-forward measure.

Given a Borel probability measure p (on an interval [a,b]), the push-
forward of p through a continuous map ¢ : [a,b] — R is defined by

(p#1) (A) = u (¢™1(4))

for every Borel subset A of [p(a),¢(b)]. This measure allows the following
change of variable formula

b ©(b)
[ e an@ = [ @ (e @).
a »(a)
The barycenter of p#u is
@ (b) b
by = / (7 ) = | elaano).

so if we put

and

(1)

LEMMA 1. The barycenter of o#u verifies the formula

M(§) —a b — M(£)

(2) bopn = b—a @(@‘Fﬁ(ﬂ(b)-
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Proof. In fact

_ P0) = bypy v Do — ()
et = o) ola) Y () — ()
= MOy 2O )
due to the identity (1). O

THEOREM 1 [The Hermite-Hadamard inequality for (M), M)y))-convex
functions]. Let f : [a,b] — [c,d] be a continuous (M), My))-convex function
and p be a Borel probability measure on [a,b]. Then

b
(RHH) f@>g¢)1</‘waﬂx»dm¢0
b) — — o»(a
{0 0

where & = o™ (bygy) -
Proof. We apply the inequality (HH) to 1 o f o ¢~ !. As we have seen,

(¢ © f) (5) = (77/} ofo 90_1) (bso#u)
o (b) . . b
<[ eU @) @) = [ 60 de
o(a a
p(b) = by bopu — p(a)
< PO 2oty (f(a)) + 220 (46
o) —la) "D o) =
and the conclusion follows. [
Remark 1. Theorem 1 was proved for (A, M[w])—convex functions in [1,
Theorem 3.3], under more restrictive conditions. The particular case of (G, A)-

convex functions was proved in [5], while the case of (G, G)-convex functions
appeared in [2] and [4].

We will call the function ® a support of f if 1) o ® o ¢~ = W, where ¥
is a support line of the convex function 1 o f o ¢~ L.

THEOREM 2. Let f : [a,b] — [e,d] be a continuous (M), Mjy))-convex
function, 1 concave and p be a Borel probability measure on [a,b]. Then

b
/f@ﬁM@Zf@1®WM)

B {9 ([ o)}
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Proof. The proof is similar to [2, Theorem 3]. Details are left to the reader.

The Hermite-Hadamard type inequalities proved in Theorem 1 are not
just consequences of (M o) M M)—convexity, but also characterize it. The con-
verse of Hermite-Hadamard inequality for (M|, M]y))-convex functions reads
as follows:

THEOREM 3. Let I,J be two intervals and f : I — J a continuous
function. Assume that ¢ : I — R and ¢ : J — R are continuous increasing
functions. If for every compact subinterval [a,b] of I and for every atomless
Borel probability measure p on [a,b] the function f satisfies either the inequal-
ity (RHH) or (LHH) then f is (Mg, M}y))-convex.

Proof. If (RHH) holds, by Jensen’s inequality we conclude that 1o fop~!
is convex, hence f is (MM,MM)—convex.

It remains to consider that (LHH) holds. We proceed by reductio ad
absurdum. Assume that f is not (M[SO],M[w])—conveX. Then there exists a
subinterval [z, y] C I and a number ¢ € (0,1) such that

(3) (Mg (2, y;1 —e,6)) > My (f(2), f(y); 1 —e,¢).

Since f is continuous, the inequality (3) holds on an entire neighbourhood
(e1,€2) of e. We choose (e1,e2) the biggest neighbourhood with this property.
Put @ = My, (v,y;1 —e1,61) and b = M, (v,y;1 —e2,62) (a < b). The
continuity of f ensures that

fla) = My (f(x), f(y);1 —e1,€1)
and
f(b) = My (f(x), f(y);1 — e2,¢€2).
Since we have (1 —t) &1 + teg € (g1,e2) for every t in (0, 1), we infer from (3)
that
f (M[ga] (a7 b1 — t7t>)
= [ (M) (M) (z,y;1 = e1,61) , My (2,5, 1 — e2,62) ;1 — 1, 1))
=f (M[(p] (m,y; 1-— (1 — t) €1 — teo, (1 — t) €1 +t82))
> My (f(2), f(y); 1 — (1 —t)e1 — tea, (1 —t) €1 + te2)
= Mpy) (M (f(2), f(y); 1 —e1,e1), My (f (@), f(y); 1 — 2,62) 51 — L, t)
= M[w} (f(a)a f(b)a - t7t) .
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Thus, it follows

[ s u@n e
= [ (r (v (o 5= S )

K (w1 (160 s D= =Bl g

p(b) —pla)” o(b) — ¢(a
_P®) =€) ey, 2lE) —ela)
= o)) VT o) o )

This is a contradiction, completing the reductio ad absurdum. [

Acknowledgements. The first author was supported by CNCSIS Grant 420/2008.
The authors are indebted to Professor Constantin P. Niculescu for his support and
useful discussions during the preparation of this paper.

REFERENCES

[1] Ondrej Hutnik, On Hadamard type inequalities for generalized weighted quasi-arithmetic
means. J. Inequal. Pure Appl. Math. 7 (2006), 3.

[2] F.C. Mitroi and C.I. Spiridon, The Hermite-Hadamard type inequality for multiplicatively
convex functions. Manuscript.

[3] C.P. Niculescu and L.-E. Persson, Convex Functions and their Applications. A Contem-
porary Approach. CMS Books in Mathematics, vol. 23, Springer-Verlag, New York, 2006.

[4] C.P. Niculescu, The Hermite-Hadamard inequality for log-convez functions. Nonlinear
Anal. 75 (2012), 662-669.

[6] X.-M. Zhang, Y.-M. Chu and X.-H. Zhang, The Hermite-Hadamard type inequality of
GA-convex functions and its application. J. Inequal. Appl., vol. 2010, Article ID 507560.

Received 13 march 2011 University of Craiova
Department of Mathematics
Street A.I. Cuza 13
200585 Craiova, Romania
femitroi@yahoo.com
catalin_gsep @yahoo.com



