LINEARLY CONSTRAINED
IOSIFESCU-THEODORESCU ENTROPY
MAXIMIZATION FOR HOMOGENEOUS

STATIONARY MULTIPLE MARKOV CHAINS
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Using the maximum entropy principle and the geometric programming method
we solve the problem of maximization of the losifescu-Theodorescu entropy for
discrete time finite homogeneous stationary Markov chains of order r with linear
constraints on r-step transition probabilities.
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1. PROBLEM STATEMENT

Let {X(t), t € N} be a homogeneous stationary Markov chain of order
r (r € N*) with the finite state space I = {1,...,n} (n € N*). We denote by
P(r) _ (P(T)

i j)(i1 in j)elr+ the r-step transition probabilities, i.e.,
IR AL A yeeeylry,

P = P(X(t+r)=jIX(t) =i1,... . X(t+r—1)=i,), VteN,
for any i1,...,ir,j € I. Also, we denote by n(") = (771(:’).“’%)(ih.__jiT)eF the
joint probability of the states at r consecutive times, i.e.,

n) o =PX(t)=iy,..., X(t+r—1)=4i), VteN,
for any ¢y, ...,4, € I. Clearly, the following relations hold
(1) a) 20, Vi el
(2) Z 7751)% =1,
01,0 €1
)
(3) Z ﬂ—i(’lr:--wikvikJrl,n-yir = Z W£;3L1,...,iT,i1,...,ik7 Vk € {17 tte ’T - 1}7
01,0k €1 01,0k €1
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Pi(ﬁ?“’imj >0, Vit,...,ip,j€I,
(4) STPY =1, Vi el
jerI
(r) (r) _ (r) .
(5) Z 7Ti17"'7i7’“Pil7"'7iT‘7j - Z ﬂ-ilr":iT‘flvj’ v‘] = I.
01,eyipr €1 B1yeensip—1€1

For r > 2, at any time ¢ € N, the state probability distribution ) = (W](-l))
is given by

jel

1 . r .
ﬂj(.):P(X(t):]): 3 w;}w_hj, Vjel,

ily---air—lel

i ))i,jel are given by

(r)
> T ensip—2isd

il,...,ir_gel

(r) ’
Z T ey 1,4i

i1,...7ir_1€[

and the (1-step) transition probabilities (P(1

P = P(X(t+1)=jIX(t) =i) = Vi,jel.

Hence the chain {X(t), ¢ € N} is completely characterized by the distribution
7(" and the transition probabilities P(").

Definition 1.1 (see [9]). Let {X(¢), t € N} be a homogeneous stationary
Markov chain of order r as above. The losifescu-Theodorescu entropy (IT-
entropy) of this chain is defined as

H(T)(P(T)):_ Z Zﬂg,)...,irpi(l?..,ir,jlnPi(l?..,ir,j'

i1,---7ir61 je[
For notational convenience, 0ln0 = 0.

Remark 1.1. The IT-entropy measures the amount of remained uncer-
tainty of the chain at any arbitrary time after the knowledge of its behavior
at r latest times or, equivalently, at all previous times.

The reconstruction of such multiple Markov chain, when only a partial
information is given, arises in many practical applications from various fields
as economics, psychology, biology (see, e.g., Iosifescu [7], losifescu and Gri-
gorescu [8]). The r-step transition probabilities are to be found only from
the knowledge of the stationary distribution 7(") and, possibly, of some ad-
ditional constraints, usually expressed by mean values. The maximum entropy
principle, introduced by Jaynes [10, 11], states that one should choose the r-
step transition probabilities that are consistent with the given constraints but
maximize the IT-entropy of the chain.
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In this paper we study the useful case of linear equality constraints. Thus,
we consider the following optimization problem

maxH(T)(P(T)):— > Zﬂ'g) Z»PZ-(T) ; jlnPZ-(lr) i St
i€l jer T T T
(P): | Ap®) =,
pr) > 0,
where P(") = (Pi(l?..,ir,j)(il injer € R"" (so it is an n"t!-dimensional

column vector), () = (771(;) ir)(i1 el € R™ is a given stationary distri-

bution which verifies (1), (2) and (3), A = (ak;i17._.7ir7j)ke{ly.“’m}’ (i1, j) €I+ E

R™*7"* i a known matrix and b = (bi,...,by)" € R™ is a known vector
(m e N¥).

We assume that
(6) 7 > 0.

Also, we assume that the equalities (4) and (5) hold for any feasible solution
P() of problem (P).

Remark 1.2. This assumption is not restrictive since every of equations
(4) and (5) is a linear constraint of type AP(") = b.

Remark 1.3. The problem (P) is an linearly constrained programming
problem with a concave objective function.

Next, we use the geometric entropic programming method, introduced
by Erlander [1], to solve problem (P). We would like to point out that the
maximum entropy principle and the geometric entropic programming method
were used by Gerchak [3], Gzyl and Velasquez [5], Preda and Balcau [15] for
maxentropic reconstruction of simple Markov chains.

2. THE GEOMETRIC DUAL PROBLEM

To construct a geometric dual problem for problem (P), we use the fol-
lowing result concerning the IT-entropy.

LEMMA 2.1. Let P(") be a feasible solution of problem (P). Then, for any
vector y = (yi17,,,7ir,j)(il i jyertt € R the next inequality holds

(7) HM(PM) <n Z Zeyilwi“j — H(x") -

11,00 €1 jEI

(r) (r) .
- E, E:772‘1,...,2;le,...,ir,jyn,..-,wa

11,00 €1 jEI
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where
01yeeir €1
is the Shannon entropy of distribution =), Moreover, the inequality becomes
an equality if and only if
(r) eYi1,.ir,J

8 P
( ) 11,.- 7Z7‘7.] EI") i Z Zeysl ,,,,, sr,t7

817...,8»,«61 tel

Vi1, ..., ip,j €I

Proof. Case 1. Assume that Pi(lr?”irj >0, Yit,..., i, € 1. It follows
from (4) and (2) that

(9) POD DL IR D DI
i1,...,ir€l jEI Q1 ,eenyip €1

Applying the Jensen’s inequality for the strictly concave function Inx we ob-
tain that

EYiloir.g
In Z Z”u, i u, sied @) ) =
11,00 €1 jEI 71—7'17 b 217 ir,J
eyzl ..... ir,J
> 3 > In
U1yeenybr 21, i, (r) P(r) ’
11,500 €1 JEI 21, N ST

and the equality holds if and only if
eyil ..... ir,g

(r) (r)
Wil,...,irpil,...,i,«,j

where C is a real constant, C' > 0. Using (4) we derive that

Yiyeenyin, ) p)
I >, D ez Y M P it

=C, Yi1,...,ip,j €I,

11,00 €1 JEI 11,0 €l JEI
(r) () 2 : (r) (T)
Z Zﬂlh ,lTPu lnPZh Sirsd T ey T sesin?
01,00 €1 JEI 01yeeyir €1

and hence we obtain the inequality (7). The equality holds if and only if there

exists a non-negative constant C' such that
eyi1 ..... Qr,J ] ) )
i(r?,_i = Yi1,...,0,5 €1.

1sye-eslry] Cﬂ_(r)

U1 yeeeylr

§ E Yig,.os i
eYiu 1r]’

i1,..ir€l jET

Using (9) we deduce that

and hence we obtain the equality (8).



5 Linearly constrained IT-entropy maximization 247

Case 2. Let nowPi(r) iy 20, Vil, ... 00,5 € I. We set

J={(i1,...,ip,5) €' | P

It follows from (9) that

> 0}.

117 ey

(r) p) _
Z ﬂ—'LL i 7417 irsd =L
(7:17~--»7;7‘7j)€<]

According to Case 1 we have

Yig,o.., ir,g (r) (T)
In Z et " Z Z ﬂ—llv i 117 7'Lra]y7'l’ Simd T

(il,...,ir,j)EJ (i17~~~7irvj)€J
B Z Z(:») 774TP)Z(17:) s 1n< g?ﬂrpl(lr,),lrd> :
(il,...,ir,j)e-]

But, using the definition of the set J and the monotonicity of the logarithm
function, we have

1H E eyzl ,,,,, ir,J S 1n E E eyzl ,,,,, 1»,»,]’

(31,-sir,g)EJ 1,..0p €L JET
(r) (r)
Z 7T7/17 7’LrPLl, ,’lr,]yzlv o Z ZW'LL 28 7/17 71r7]y“’ RISVE
(inrird)ET inivel jel

U1 5eesylr 7«17 oirsd 117~~~7Zr 21yee2rs]
(il,...,ir,j)EJ

S Al PO (a0 PO L) = —HOPO) - H (),

and hence we obtain the inequality (7). The equality holds if and only J = I"+!
and

(r) B eYi1,.ir,g

Ulyeenylry] 7T(T) ‘ Z Vst )

1yelr
(81508r,t)EJT

Vi1, yir,j) € J,

which is equivalent to (8). O

Based on Lemma 2.1, we can define the geometric dual problem of prob-
lem (P), namely,

T
Ail:---vimj Z

@)
(D): | mind(z)=In Y S e Tiueir 4+bTz— H(x(™) st
i1,...,ir€l jEI
z € R™,

where z = (z1,...,2,)" € R™ and, for any iy,...,i,,j € I, Aiivg =
(ak;ilv"'7i7'7j)k€{1 m) denotes the (i1,...,4,,j)-th column of matrix A.
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Remark 2.1. The dual problem (D) is an unconstrained convex program-
ming problem having a continuously differentiable objective function. Thus,
compared to the primal problem (P), the dual problem (D) is more attractive
from the computational point of view.

We can now prove the weak duality between problems (P) and (D).

THEOREM 2.1 (Weak duality). If P(") and z are feasible solutions of
problems (P) and (D), respectively, then

HM(PM) < d(z).

Proof. From AP = b it follows that (AP(T))TZ = b'z. Therefore,
according to (7) we have

HO@O) <l 37 dierers = 37 30 (B v ~

i1yeyin€l GEI i1,yeyir€l jEI

~HEO) +bT2-3" ST N anii P e

k=1 i1,...ir€l jEI

for any y = (yilw-»imj)(il inj)errtt € RV By rearranging the terms we
obtain

HTPM) <n Z Zeyil ,,,,, iri 4 bz — H(x")—

7;17-“72"'“6] ]GI
T () ) p™
B Z Z (AZI""7Z""] Z + 7r7;17-~-7iry117"'717‘7]) Pil,-..,ir,j'
i17~'-7iT€I ]EI
Taking
Aiy iz
_ 1yeeeslr,] . . .
yl’la"'y%‘:j - _T’ vzl?"'?ZT7] GI
Yy

P1yeensin
it follows that H")(P(") < d(z). O
3. STRONG DUALITY

In this section we establish the strong duality between problems (P) and
(D). The next theorem is the main result of this paper.
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THEOREM 3.1 (Strong duality). If z* is an optimal solution of the dual
problem (D), then P*(") given by

*(7”) _ e D] penns ir
[ARTERIZARY ] Ag

W T e Hew

817...,87‘61 tel

—, Vit,...inj €1

is an optimal solution of the primal problem (P) and the duality gap vanishes,
i.e., HM(P*(") = d(z*).

Proof. Since the point z* minimizes d(z) over R™ it follows that the first
partial derivatives of d(z) must be zero at this point, i.e.,

CAig i 2
P T
Z ak:,z(;,)...,zr,] e T i
ad ir, i€l jEl 0
0= 2= - ek
0z, Ay
(r)

Z Z e T seeeyip

i1, ir€l JET

— S N i B bk, VEE (L. m),

i1,..,ip €l jEI

which means that AP*(") = b. Obviously, P*(") > 0, and hence P*(") is a
feasible solution for problem (P). Applying the equality part of Lemma 2.1 for

T, %
A'le ir,J Z

PO =P and g, = Vit i g €1,

(r) ’
T oir
we obtain that
T x
1,.(4.317‘,]
H(T)(P*(T _ Z Z Lo + H(ﬂ_(r)) —
Zl’ 77’7‘61 JEI
T
() prn) Aiyivg 2\ _
Z Zﬂ-ilw”vir i17~~~7ir7j o (T) -
i1,ein€l jET Tt i

- *(T
= | 2 D i P Zbk%

m
=1 \i1,...,ir€l g€l
)

and hence H™ (P*(")) = d(z*).

Finally, according to Theorem 2.1 it follows that
HO Py = d(z*) > HO(PM),
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for any feasible solution P(") of problem (P), so P*(") is an optimal solution
for this problem. [

Remark 3.1. In the particular case when problem (P) has not additional
constraints, i.e., this problem has only the obligatory constraints (4) and (5),
we can solve the corresponding dual problem (D) and, by using Theorem 3.1,
we obtain that problem (P) has an unique optimal solution P*(") given by

PO =a D i e

Uyeesler]

and its optimal value is
H@ (p*(r)) - H(w(l)).

We mention that this result can also be obtained by using the properties of
the conditional entropy (see Preda and Balcau [16]).

Remark 3.2. By taking r = 1 we regain the result of Gerchak [3] con-
cerning the maximum entropy of simple Markov chain.
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