ON LINEAR RECURRENCES WITH POSITIVE
VARIABLE COEFFICIENTS IN BANACH SPACES

ALEXANDRU MIHAIL

The purpose of the paper is to study the convergence of a linear recurrence with
positive variable coefficients with elements from a Banach space and to estimate
the speed of the convergence. The conditions depend of the sum of the coeffi-
cients and the minimum of the coefficients. In this paper we study the case when
the sequence of the sum of the coefficients is convergent to 1. The results are
first proved for recurrences of real numbers. These results are extended later for
Banach spaces.
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1. INTRODUCTION AND PRELIMINARIES

The aim of the paper is the study of linear recurrences with positive
variable coefficients in Banach spaces (see Definition 1.1 below). The paper
extends the results obtained in [2], where the convergence or the divergence
of the linear recurrence was studied. Here we want to estimate the speed of
the convergence of the linear recurrence.

The Banach spaces will be supposed to be real Banach spaces although
this is not necessary. The results are also valid for complex Banach spaces
because every complex Banach space can be seen as a real Banach space. For
a Banach space X, 0x denotes the identity element of X and for aset A C X,
(A) denotes the Banach subspace of X generated by A and conv(A) denotes
the convex closure of the set A, that is

convA = { Z a;ri|r1, 2, ..., Ty € A, ay,a9,...,a, € [0,1], Z a; = 1}.
i—

i=1,n 1n

n,m,k,l,i,j,p denotes natural numbers if we do not say otherwise, 5; =
1 ifi=y
1 0 ifi# 7.
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Definition 1.1. Let X be a real normed space and k > 1 be fixed. Let
(an = (ap, a2, ... ,aﬁ))n>k+1 be a sequence of elements from R¥ and (b,,),>p11

be a sequence of elements from X. The sequence (zy,),>1 given by

1 2 k
Tptk = Qp g Tntk—1 T Gy, Tntk—2 + 0+ Qg Tn + by

for n > 1 is called the linear recurrence of order k with coefficients (an)n>k+1,
free terms (by)n>k+1 and initial values z1,x2,...,2; € X. The sequence is
called homogeneous if b,, = 0 for every n > k + 1.
For two sequences of real numbers (ay,)n>1 and (by)n>1, (@n)n>1 ~ (bp)n>1
means that (a,),>1 is convergent if and only if (b,),>1 is convergent.
The infinite series and products are denoted by > and [].
n>1 n>1

Notation. > aj=0and [] ay=1if m > n.

l=mmn l=m,n
The following lemma is well-known (see [1] or [3]).

LEMMA 1.1. For a sequence of real positive numbers (an)p>1 we have

a) [[(1+an) ~ > an;

n>1 n>1
b) [T(1—an) >0 > a, < oo ifa, <1 for every n € N*.
n>1 n>1

We recall, from [2], the following important remark on homogenous real
linear recurrences with variable coefficients:

Remark 1.1. Let (an)n>k+1 be a fixed sequence with a,, € R’jr and (zp)n>1
be the homogeneous linear recurrence of order k associated with the sequence
(@n)n>k+1 with initial values z1,xg, ...,z > 0 that is

1 2 k
Tn+k ::an+kxn+k—14‘an+kxn+k—2‘%"‘+‘an+kmn

for n > 1. Then

a) If there exist initial values z1,z2,..., 2, > 0 such that lim z, = 0,
n—oo

lim z,, = oo and respectively (z,,),>11s bounded, then for every initial values
n—oo -
x1,%9,...,% (not necessary greater than 0 in the first and the third case)

lim z,, = 0, lim z, = oo and respectively (z,),>1is bounded.
n—oo n—oo -

b) If there exists initial values x1,x9,...,zr > 0 such that lim z, €
n—oo
(0,00), then lim " af, = 1.
n_ﬁwjzlk

This remark suggested us to divide the problem when z, is real in the

cases lim x,, =0, lim x,, = co and (z,,)n>1 is a bounded sequence, in parti-
n—oo n—oo -

cular when lim z, € (0,00). These cases depend on the behavior of the
n—oo
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sequence ( S oal . In Banach spaces we have similar cases. When Y a,

j=1k J=Llk
is smaller than 1, (z)n>1 tends to be convergent to 0, for example when
limsup > af, < 1 or when > a), < 1l and T[] ( > a%) = 0. When
e j=1k j=Lk nzk+l Nji=1k

)nZk—i—l

> al, is greater than 1, (x,,),>1 tends to be divergent, for example when
=1k

liminf Y @), > 1 or when Y @), >1and [] ( > aj) = o0o. In particu-
T =1k j=1k n2k+1 %=1k

lar if @1, z2,..., 2 are in a cone then (||z,||)n>1 tends to be divergent to oo.

Also when >~ a, is convergent to 1 quickly enough, the sequence (z,),>1 is
=1,k
bounded arﬁd if the coefficients are not to small then it is convergent to a limit
which is different from 0 in general. These cases are also valid for inhomoge-
neous linear recurrences. In this paper we will study the last case when the
series Y ( > a%) - 1‘ is convergent. This case seems to be difficult in the
n>k+1' Yi=1k

sense that the calculations are longer than in the other cases. The paper is
divided into 6 sections. The first section is the introduction and the second
one gives some particular cases in which is possible to calculate the general
term. These cases give an idea of what happens in the general case. The third
section contains the study of the real homogenous case when the sum of the
coefficients is 1. The next section contains the study of the general homogenous
case when the sum of the coefficients is 1. The fifth section contains the results
obtained in the general inhomogeneous case when the sum of the coefficients
is 1. The last section contains the general case.

2. PARTICULAR CASES
In this part we will give some particular cases when it is possible to find
the general term of the recurrence. We study first the case k = 1.

Let (an)n>1 and (by)n>1 be sequences of real numbers with a,, # 0 and
let (zp,)n>0 be the sequence given by the linear recurrence

Tpt+l = ApTy + bn
for n > 0. An inductive calculation shows us that

. (lnal>xo+ 5 (( 0 aj>bl>.

=1,n I=1,n j=l+1n
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We remark that (xy)n>0 is convergent for every zg if and only if the

product []a; is convergent and the sequence ) (bl I aj) is also conver-
21 I=Ln " j=l+Ln

gent.

Let us suppose that the series > |a,, — 1| is convergent (this imply that

n>1
the product []a; is convergent and different from 0). Because the convergence
I>1
of the product []a; and of the sequence 3 (bl I aj> does not change
>1 I=I,n ° j=l+1n

when we change a finite number of terms of the sequence (ay,),>1 (maintaining
the condition a, # 0) we can suppose also that in this case we have a, €
(1 —¢e,14¢) for an e > 0. If b, > 0 the sequence (z,,)p>0 is convergent for
every x if and only if the series ) b; is convergent. To see this let us remark

I>1
that 0 < [[(1—lan —1]) < T[] a; < [+ |ap, —1]) < 4o00. If the
n>1 j=l+1,n n>1

series Y || is convergent then (z,),>0 is also convergent for every z. If the
>1

series Y || is divergent there exists a sequence (ay)n>1 such that (z,)n>0 is
>1

divergent.

We now study the case k = 2 when the sum of the coefficients is 1.

LEMMA 2.1. Let (zn)n>0 be the sequence of real numbers given by the
linear recurrence

Tnt+1 = (1 - an)$n + anTn—1

for n > 1 where 0 < a, < 1. If x1 # xo the sequence (zn)n>1 is convergent if
and only if the product []a; is convergent to 0.

j>1
Proof. We have
Tn4+l — Tn = _an(xn - xn—l),
Tna1 — 2 = (=1)" (21 —a0) [[ @

I=1n
and
Tnt1 = (1 — T0) (1 + Z <(—1)l H aj)) + Zo-
I=T,n j=Ll

If the sequence (xy,)n>0 is convergent then the sequence (Tp41 — Tn)n>0

is convergent to 0 and then []a; is also convergent to 0.
i1
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If [] a; is convergent to 0, because 0 < a,, < 1, the sequence ( I al>
Jj=1 I=1n
is decreasing to 0 and the series ((—l)l I aj) is convergent (by the Leib-
I>1 =110
] b
nitz corollary for alternate series).

n>1

LEMMA 2.2. Let (zy)n>0 be the sequence given by the linear recurrence
Tn+l1l = (1 - an)xn + an®n—1 + by,

for n > 1, where 0 < a, <1 and (by)n>1 15 a sequence of real numbers. Then
a) If the sequence (xy)n>0 1 convergent for every xo and every xp then

the product []a; is convergent to 0, the sequence <(—1)l< I1 aj)bl>
g2l I=Tn j=l+1,n

s convergent and the sequence <

S (X (I a))

> 18
I=Tn j=ln =111, n>1

also convergent.
b) If the product []a; is convergent to 0 and the sequence

i=1
(Z(—nlbz(Z(—l)j( I1 )))
I=1,n j=ln i=l+1,5 n>1

is convergent then the sequence (xn)n>0 s convergent for every xzo and
every Ti.
c) If the product [[a; is convergent to 0, the series ) |bj| is conver-
7>1 i>1

gent and the sequence < > ( I ai>) is bounded then the sequence
2N Ni=n+2j+1 n>1
(xn)n>0 is also convergent for every xo and every xi.

d) If there is an € > 0 such that a, < 1 —¢ for n > 1 and the series
> 1bjl and 7 < I ai> are convergent, then the sequence (xy)n>1 is also
j>1 JEntl Nitn g
convergent for every xo and every xj.

Proof. Let (zy)n>0 be the sequence given by the linear recurrence
Tn4+1 = (1 - an):En + anpTn—1 + bn

for n > 0 where 0 < a,, < 1.

Then z,41 — xp = an(Tp—1 — Tpn) + by = —an(Tn — Tp—1) + by.

If we denote x,41 — 5 by vy, then the sequence (y,)n>0 is defined by
Yn = —GnYn—1 + by and yg = r1 — x0.
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I=1,n I=1,n j=l+1,n
Then
Tn = T + Z (7 —xj-1) =
j=Ln
= Z (—1) [( H az)(ﬂm —xp) + Z <(—1)l< H az>bl> +xo =
j=1,n =1, =1, i=l+1,j

~e= S ( a) + X0 Sew( o)) e
j=1,n = j=ln i=l+1,j
a) If the sequence (x n)n>0 is convergent for every xzg and every 7 then

the sequence (yn)n>0 is convergent for every yo and from the case k = 1 it

follows that the series > ( (—1)! ( II aj) bl) is convergent and the product

I=1n j=l+1,n
IT (—a;) is also convergent. Because 0 <a,, <1 we have [[a;=0. Taking xo=
Jj=1 Jj=1
x1 =0 we obtain that the sequence < S (=1) < > (—1)j< II ai)>>
I=1n j=ln i=l+1,j n>1

is also convergent.

b) If the product []a; is convergent to 0, then the sequence
Jj=1

(o)

=1,n I=1,5

is also convergent. Taking account that the sequence

(Zem((1-))

I=1n j=l,n i=l+1,5

is convergent, we obtain that the sequence (zy,),>0 is convergent for every xg
and every xj.

c) Let the sequence ( > ( II ai>> be bounded by M > 0. We
J2n Ni=n42j+1 n>1

have to prove that the sequence ( > (-1)%&- 1) ( 3 ( I a,))>n21 is

I=1n j=ln i=lj
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convergent. Let u, = Y (—1)lbl< > (—1)j( H%‘))- Then

I=Tn j=ln i=l+1,j

1 =] = | (1)1 S ((—1>l( II ai)bz)\s . ( 11 ai)!bl'
I=Tn+1 i=l+1,n+1 I=T;n+1 “i=l+1,n+1

and

Shi-wl <X ¥ (I o)mi-

n>1 n>2l=Tn+1 “i=l+1,n+1
=Sl (I w)) <o
>1 n>l—1 Y=131n+1 >1

This imply that the sequence < > (—1)lbl< > ( I1 ai))) is
n>1

I=1n j=ln i=l+1,j
convergent.

d) results from c).

3. THE REAL HOMOGENOUS CASE WHEN THE SUM
OF THE COEFFICIENTS IS 1

In this part we study real homogenous linear recurrence with positive
coefficients when the sum of the coefficients is one.
For a real linear recurrence of order £ as in Definition 1.1 let

Yn = min{xnaxn—b R xn—k—i—l}? n > k>

Zn = max{Tn, Tn—1, .. Tn—kt+1}, N >k,

dp = zn — Yn,

my, =min{al, a2, ... ,ak}, n>k+1,

mﬁz = min{mna Mp—15--- >mn—l+1}7 n>k+I

and
m, =mF= n > 2k — 1.

LEMMA 3.1. Let (an)n>k11 be a fived sequence with a, € RE such that

cn = Y. a), = 1. Let (x,)n>1 be the homogeneous linear recurrence of order
j=Lk
k associated to the sequence (an)n>k+1 with initial values x1,xo, ..., zk, that

: _ 1 2 k
I8 Ttk = Ay, Tntk—1+ Gy gy Tnpk—2 + +ap 1 Tn. Then dypyp—y < dn(1 —
m, ._1) for every n > k.

Proof. Let y,, = min{xp, p_1,...,Tn_g+1} and z, = max{x,, Tp_1,...,
Tp—g+1} for n > k. It is clear that y, < x,41 < z,. It follows that z,41 < zp,
Yn+1 Z Yn and dn+1 S dn
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If m,, 11 = 0 the result is obvious. So, we can suppose m,, ;1 > 0.

We want to estimate dpik—1 = Znth—1 — Yntk—1 =  Mmax  |z; — x5,
i,j=n,n+k—1
where

1 2 k .
Tngi = Oy iTntio1 + Ui Tppi2+ 0+ Gy iTpgiog, ©=1,k—1,
under the conditions

ab i +add it tal =1, i=1k—1,

Mppi < a,lwri, Mppi < aiﬂ,...,mn“ < afLH, i1=1,k—1,
and
Yn < Tpy1—i < zp, 1= Lk
. k
Let us consider the function dy+x—1: X [yn, 2n] — R defined by
i=1
i1t ste—1,te) = max  [F(tr, ..o teo1, i) — 35t - teo1, te)]

i,j=n,n+k—1

k

where Z; : X [yn,2n] — R for i > n — k + 1 are the functions defined such
i=1

that Z;(t1,...,tk_1,tr) is the value of the ith term of the linear recurrence if

Tpt1—i = t; for ¢ = 1, k that is Z; are defined inductively by

Ti(t, o tp1sty) = aj @i (b, - teo1, te)+

—i—a?@i_g(tl, .. -tk—htk) + -+ affci,k(tl, . ,tkfl,tk), i1>n+1,

and by
ii(tlw--;tk—latk):tn+1—i7 i=n—k+1,n.

It is easy to see that Z; are linear functions. Because |z| = max(z, —x),
(:l~n+k,1 is the maximum of a finite family of linear functions defined on a
compact convex set. After the linear programming theory it results that the
maximum is taken into an extreme point of the convex set. So, we can suppose
that zp41-; = 2z OF Tpy1-; =y, for i = 1, k.

If m, . x> 0 then m, > 0 and y, < Tn41 < z,. Also we have y, <
Yntio1l < Tpti < Znyi—1 < 2p for i = 2,k — 1. It follows that d,1x—1 < dy.
Let [ be such that d,4+; < dp, and d,,4+;—1 = d,. This means that z,1;-1 =
Zngl—2 = o = 2zp and Ynij-1 = Ynyi—2 = - = Yp. Then 2,4 < 2, or
Yntl > Yn. Let us suppose that z,1; < z,. In this case, for j = 1,1

1 2 k
Tntj = QpyjTnpj—1 + Aoy iTnpj—2 + -+ Qpy i Tpgjp <
< (1= Mptj)2ntj—1 + MntjYntj—1 = (1 = Mnyj)2n + Mnyjyn =
= Zn — mn+jdn < Zp — mn+k_1dn-
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Also from the assumption that z,,41_; = 2, or T,41_; = yp fori = 1,k it
follows that x,41-; =y, fori =1,k —[. If thereisan i € {1,2,...,k—1[} such
that 2, 11-; = 2, we should have z,,; = 2,. Then 2,y < 2z, — m, 4 _1dy.
Finally,

dn+k—1 < dn—H = Zn+l — Yn+i < Zn+l — Yn <
< zp— mn+k_1dn —Yn = dn(l - mn—f—k—l)'

PROPOSITION 3.1. Let (an)n>k+1 be a fized sequence with a, € RE and
(xn)n>1 be the homogeneous linear recurrence of order k associated to the se-

quence (ap)n>k+1 With initial values x1, 2, . .., Tk, thqt iS Tpak = a}l+kxn+k,1
a2 Tnik—2 + o+ afl+kxn such that ¢, = > ah, = 1. If Y m, =
j=Lk n>k+1

then the sequence (Ty)n>1 1 convergent to a finite limit | and

zn — 1] < dg H (1= mye—1)4p)
1=2,[3=%]

where p € N* is fired and n > p + 2k — 2.

Proof. 1t is clear that y, < xpy1 = a}L+kxn+k_1 + a%+kxn+k_2 + o+
afLJrkxn < zn. It follows that 2,11 < zn, Yna1 > yn and dpt1 < dy. To prove
the convergence it is enough to prove that d, = z, — y, — 0 when n — o
because [Yn+1, Zn+1] C [Yn, 2n)-

From Lemma 3.1, dyqx—1 < dp(1 —m,, 1) for every n > k. It follows
for n > 2 that

dnk-1ytp < diip-1 || (1= mugerysp) < die [T (1= myg—1y4p)-
1=2,n 1=2n

k
Because 400 = Y - m,, = >, <Zml(k_1)+p> there is a p € {1,2,...,k}
n>1 p=1\>1

such that > my_qy4, = +oc. It follows that d,, = 2z, —yn — 0 when n — oo.
1>1
Let | = nlirgown Then |z, — | < d, < d[%}(kﬂ)ﬂ; and
o =l <de J] (1= mugyep):

=2,[4=¢]

4. THE GENERAL HOMOGENOUS CASE WHEN THE SUM
OF THE COEFFICIENTS IS 1

In this part we study real homogenous linear recurrence in Banach space
with positive coefficients when the sum of the coefficients is one.
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THEOREM 4.1. Let (X, || ||) be a normed space. Let (ap)n>k+1 be a fized
sequence with a, € R’i and (Tn)n>1 C X be the homogeneous linear re-
currence of order k associated to the sequence (an)p>k+1 with initial values
x1,%9,..., 75 € X, such that ¢, = > al, = 1. If S m, = oo then (x,)n>1 is

=Tk n21 -
convergent to a limit | € X and ||z, — 1| <dp [[ (1- ml(k_1)+p), where
1=2,[3=F]
p € N* is fized, n > p+ 2k — 2 and dj, = max ||z; — z;]|.
i =1k

Proof. Let us suppose first that X is finite dimensional. Let ¢ : X —
R be a linear function. Then (go(mn))n>1 is the homogeneous linear recur-
rence of order k associated to the sequence (@n)p>k+1 with initial values
o(x1), p(z2),...,¢(x;) € R. From Proposition 3.1 (cp(mn))n>1 is convergent

to a finite limit /, and

plan) = L] < max fip(as) — o) [T (- mup1ysy)
Z’]: b
1=2,[3=%]

Since max [p(xi) — p(z;)| < [lo]| max [[z; —z;|| = [l¢[| dy we have
ij=1k ij=1k

[p(zn) = lo| < [l d H (1 _ml(k—l)—i-p)’
1=2,[3=F]

Since X is finite dimensional, (x,,),>1 is convergent to a limit [ € X and
¢(l) =1, for every linear function ¢ : X — R. It follows that

lzn — 1| < dy H (1 — My(k_1)4p)-
1=2,[3=%]

This ends the proof in the case of finite dimensional spaces. The case when X is
not finite dimensional can be reduced to the case when X is finite dimensional
because x,, € (x1,xa,...,xx) for every n > 1.

COROLLARY 4.1. Let (X, ||) be a normed space. Let (an)p>k+1 be a
fixed sequence with a, € R’j and (Tn)n>1 C X be the homogeneous linear
recurrence of order k associated to the sequence (an)n>k+1 with initial values
x1,T2,..., 2k € X, such that ¢, = Y al, =1. Let K,, = conv{{xy,Tp_1,...,

j=1k
Tn—k1}) for n >k and 1 be the limit of the sequence (zp)n>1. Then Kppq C
K, and (N K, = {l}. In particular, we have
n>1

12l < max{{[z ]l [lz2ll, -, o]}
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Proof. We have x,,4+1 € K,, and so K,4+1 C K,,. The rest result from the
convergence of the sequence (zy,)n>1.

5. THE GENERAL INHOMOGENEOUS CASE WHEN
THE SUM OF THE COEFFICIENTS IS 1

The following two lemmas are technical results that give us the possibility
to reduce the inhomogeneous case to the homogenous one.

LEMMA 5.1. Let (X, || ||) be a Banach space. Let f : N — N be an increas-
ing function such that lim f(n) = oco. Let (x(m)n)n>1 C X, (In)m>1 C X for
n—oo - -

m € N be sequences of vectors and (dy m)n>1 for m € N, (t;,)m>0 be sequences
of positive numbers such that
1) (z(m)n) 1 b8 convergent to ly;

2) > |llml|l is convergent;
m>0
3) llz(m)n — Il < dnmtm for m < f(n);

4) >ty is convergent;

)
)
)
m>0

) dnm — 0 when n — oo for every m € N;

) there exists a M > 0 such that dy, < M for every n,m € N with
(n

)-

Then the sequence (yn = Y x(l)n)n>1 is convergent to Y Ly,
1=0,f(n) - m=0

Proof. Let € > 0 be fixed. From 2) and 4) there exists my € N and
m1 € N such that mg < m1, > tn < 557 and > |ln|l < §. There

5
6
<f

m>mg m>my
also exists n. > my + 1 such that f(n.) > m; + 1 and for every n > n.,
dpm < ﬁ for m = 0, mg. Then for n > n. we have
m>0 "m

yn — ZlmH < Z [im Il + Z [z(m)n — || <

m>0 m>f(n)+1 m=0,f(n)

< Dl Y dnmtm <

m>f(n)+1 m=0, f(n)

< D Ml Y dumtm+ D> dnmtm <

m>f(n)+1 m=0,mg m=mo+1,f(n)

<Zuzmu+2dnm(z SR ST

mzm m=0,m m=mo+1,f(n)
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e
< Zuzm||+32t Zt +M >t m< g+

m>m1 m>0 m= m>mo+1

w\m
00\0)

Notation. >, ap=0and [] ay=11if m > n.
l=m,n l=mmn
LEMMA 5.2. Let (X, || ||) be a Banach space. Let f: N — N be an increa-
sing function such that lim f(n) = oo and f(n) < n. Let (x(m)y)n>1 C X
n—oo -
for m € N, (lm)m>0 C X be sequences of vectors and (dpm)n>1 for m € N,
(tm)m>0, (€m)m>1 and (Sm)m>0 be sequences of positive numbers such that

1) (x(m)n)n>1 is convergent to ly,;
2) > sy, is convergent;

m>0
3) limll < sm and tp, < Sm;
4) ”x(m>n - lm” < dn,mtm fOT’ m < f(n)a
5 dnm= Il cform< f(n)—1

I=m+1,f(n)

6) ¢, € (0,1].
Let (yn)n>1 be the sequence ( > l’(l)n) . Then the series > Ly,

1=0,70n) n=t m20
18 convergent and

-l win (X ser( I e) ¥ (tn [T )<

m>0 mo=0,f(n) m>mo+1 l=mo+1,f(n) m=0,mo l=m+1,mo
< min < Z sm—i—( H Cz) Z tm) <
mo=0, f(n) m>mo+1 I=mo+1,f(n) m=0,mq
< min ( > st (I cl)Zt>
mo=0,f(n) m>mo+1 I=mo+1,f(n) m>0
Proof. Since Z llmll < 3 sm and the series sy, is convergent it
m> m>0 m>0
results that the series Z Iy, is convergent.
m>0

Let n be fixed and mg be a natural number such that my < f(n). As in
the proof of Lemma 5.1, we have

”yn - ZlmH S Z HlmH + Z dn,mtm + Z dn,mtm-

m>0 m>f(n)+1 m=0,mo m=mo+1,f(n)
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Then
DS END SEEED S (N | () R DR
m20 m2f(n)+1 m=0,mo l=m+1,f(n) m=mo+1,f(n)
< > sm+< 11 Cl) > (tm [T« >§
m2mo+1 l=mo+1,f(n) ~ m=0,mo I=m+1,mo
< S oot I a) ¥ tns
m>mo+1 l=mo+1,f(n) m=0,mg
S S )
m>mo+1 l=m m>0

Because my is an arbitrary natural number such that mo < f(n) we
obtain the desired conclusion.

Remark 5.1. If the conditions from Lemma 5.2 are fulfilled and [[¢ =0
>1
then the conditions from Lemma 5.1 are also fulfilled.

The following lemma is obvious.

LEMMA 5.3. Let (an)n>k+1 be a fized sequence with a, € R’j_ and (Tp)n>1
be the homogeneous linear recurrence of order k of real numbers associated to

the sequence (apn)n>k+1 with initial values 1,2, ...,z € R, that is xpyp =

ai+kxn+k_1 + a%Jrk:EnJrk_g + -+ afLJrkxn such that ¢, = Y. aj, = 1. Then
j=1k

Ty € [min{xy, xo, ..., 2k}, max{zy, o, ..., xp}].

LEMMA 5.4. Let (X,|||) be a Banach space. Let (an)n>k+1 be a fized
sequence with a, € Ri and (b, )n>k+1 be a sequence of elements from X and
(Tn)n>1 be the linear recurrence of order k associated to the sequence (ap)n>1
with initial values ©1 = x9 = --- = xp = 0, that is Tp4r = G}H_kxmrk—l +
a?Hkanrk,g—i—- . -—i—a’fLJrkxn—i—bn. We suppose that ¢, = al, =1 and b, =0

j=1k

for n>k+1. Then

sup [z =zl < > [1bll-
4,521 i
j=1k

Proof. Let us consider the following linear recurrences (z(l),),>1 for [l €
{1,2,...,k} defined by z(1); =0, z(l)2 =0,...,2(l)y =0 for L € {1,2,...,k}
and x(l)n-i-k = a%LJrkx(l)n-i-k—l + a%+k$(l)n+k—2 +o At alfl+kx(l)n + bn+k5£L+k-

Then z, = z(1)p +2(2)n + - - + z(k)p.



22 Alexandru Mihail 14

Also z(1)n = y(1)nby, where (y(1),), -, are the real linear recurrences de-
fined by y(1)1 =0, y(I)2 =0, ... (l) = 6 fori € {1,2,...,k} and y(D)pyr =
al y(Dpgr—1+ a2 y(Dnip— + ‘+a (D + 6.

n+kY\)n+k—1 n+kY\)n+k—2 n+ky n n+k
It follows that x,, = >_ y(l)nbl. From Lemma 5.3, y(I),, € [0, 1].
I=1k
The rest is obvious.

Definition 5.1. We denote by A the set of all sequences (an)n>1 with
aneRﬁ and ¢, = > aj,=1forn>k+1.
j=Lk
Definition 5.2. Let (X, || ||) be a Banach space. Let by, b, ..., b; be ele-

ments from X. Let (a,)n>1 be an arbitrary sequence with a,, € Rﬁ and (zp)n>1
be the linear recurrence of order k associated to the sequence (an)n>1 with

initial values z; = 29 = -+ = z; = 0, defined by x4 = a}l+kxn+k,1 +

a2 Tnik—2+- -+aﬁ+kxn+(5ib1+5gb2+- --46Fby,) such that ¢, = Z ah =1
1,k

for n > k. x,, depends on the sequence (ay), so we can write z,, = ZL‘n( )

Let

Um(b1,b2,...,bg) = sup ( max Hxl((an)n)—xj((an)n)ﬂ)

(an)n€A Ni,j=k+1,m
for me N*and m >k + 1.

LEMMA 5.5. With the notations from the above Definition (5.2) we have
1)

vm(bl,bz,...,bk):( S;lp ( max HZ i (1, (an)n) — y; (1, (an) n)]b;”),

where (ym(l, (an)n))m>1 are the real linear recurrences defined by
yi1(l, (am), ) = v2(l, (@m)m) = -+ = ye(l, (@m)m) =0
forle{1,2,...,k} and
Yn+k (l, (am)m) = a”}t+k‘yn+k*1 (l, (a m)m)"‘
+ a2 itntk—2 (L (@m)m) + -+ a1 yn (1 (@m)m) + 0h ks
2) v (b1, b2, ..., bg) < 165115

Jj=1,
3) v (b1 +e1,b2 +e,. ..,

g+ er) <vm(bi,be, .. bk)+ Y el
=1k

4) Uy (b1, ba, ..., bg) < v (b1, ba, ..., bg) for m > 2k.

Proof. 1) It is easy to see that xz((an)n) = >y (l, (an)n)bl.
I=1k




15 On linear recurrences with positive variable coefficients in Banach spaces 23

2) and 3) results from the fact that y; (I, (an)n) € [0,1] (see Lemma 5.3).
4) For m > 2k the recurrence is homogenous and we have

Tmtp € CONV{ Ty, Tiy—1, ..., T—kt1} C CONV{Top, Top—1,..., 2} if p € N*.
LEMMA 5.6. Let (X, || ||) be a Banach space. Let (an)n>k+1 be a fized

sequence with ay, € R’j_ and (b,)n>k+1 be a sequence of elements from X.
Let (xpn)n>1 be the linear recurrence of order k associated to the sequence

(an)n>k+1 with initial values x1,x2,...,xk, that is Tpip = a}l+kxn+k,1 +

et afLJrkxn + byt such that ¢, = 3 al, = 1. Let d,, = sup |lz; — ;.
j=Tk ij=Tn

Then di, + > ||bi]| > dk+p, where p € N*.

I=k+1,k+p

Proof. It is enough to give the proof in the case p = 1. The general case
results by induction. We have

dj+1 = max (dk, Sup [|zn41 — fEiH)

i=1,n
and
|01 = zill < @y llon — @il + apy llon—1 — il + -+
+ah oy e = @il + oo || < di + b |-
It follows that di11 < dg + ||bnt1]]-
The following theorem extends the results of the homogenous case to the

inhomogeneous case when the sum of the coefficients of the linear recurrence
is 1 and it is the main result of this section.

THEOREM 5.1. Let (X,|||) be a Banach space. Let (an)n>k+1 be a
fized sequence with a, € ]R]j_, (bn)n>k+1 be a sequence of elements from X
and (zn)n>1 be the linear recurrence of order k associated to the sequences

(an)n>k+1 and (by,)n>k+1 with initial values xy1,xo,...,zk, that is Tpip =
1 2 k — |
Uy b Tnk—1 + Qg Trg 2 + -+ ay T+ by, such that ¢, = ) al, = 1.

j=Tk

If > m,=o00and > |by| < oo then (zp)n>1 is convergent to a limit
n>2k—1 n>k+1 B
ac€ X and
[2=2] (=]
|2 —af < nlgi:Tl()( Z [[oa]] + (dk + ZW,p) H (1- ml(k1)+P)>

1>mg(k—1)+p+1 >1 I=mo+1

= =
Sng;i:rg( > ||bl||+<dk+ anlH) 11 (1m,(k_1)+p)>,

1>mo(k—1)+p+1 I>k+1 l=mo+1
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where Tlp = V2 (OX7 bl(k—1)+p+17 bl(k—1)+p+2> SO bl(k—1)+p+k—1)7 p € N" is
fized, n > p+ 2k — 2 and d, = max ||z; — xj]| .
i,j=1,

Proof. The idea of the proof is to decompose the inhomogeneous linear
recurrence (z)n,>1 into a countable sum of homogenous linear recurrences.
Then using Theorem 4.1 we can estimate the speed of the convergence of these
recurrences. From Lemma 5.1 we obtain the convergence and from Lemma 5.2
we can estimate the speed of the convergence of the inhomogeneous linear
recurrence (Zp)p>1-

It is enough to make the proof only in the case p = 1.

For the general case let us consider the linear recurrence of order k,
(Tp)n>1, associated to the sequences (@p)n>ki1 and (by)p>kr1 with initial
values 71, Ta, . . . , Tk, that is Ty = 6,11+kfn+k:—1 +E%+kfn+k_2+- . -—I—E’;Jrkfn—l—

bntk, where T, = Tpyp_1, Gh = aﬁl+p_1 and b, = by4p—1. We have ¢, =

> @, = cnip-1 = 1. Applying the results of the Theorem to the linear
j=1k
recurrence (Tp)n>1 for p =1 and taking account that

det+ > bl >diper = sup |z —
I=F+Lk+p—1 ij=Lk+p—1

(from Lemma 5.6) we can obtain the results of the Theorem for the linear
recurrence (zp)p>1 for a general p.
Let us consider the sequences (x(1)y)n>1 for [ € N defined by

2Otk = 24Okt + a2 @Oz + - + 0 (0)n,
z(0)1 =21, z(0)2 = 29, ..., 2(0)y = xf for L =0
and
Dk = GOkt + a5 @Otz + -+ + @ (Dot

bk (c%lffil)” R PR 5,9:;)('“_1)“),

z(l)1 =0, z(l)2 =0, ..., () =0 for I > 0.

Then z, = z(0), + (1), +-- -+ ([Z—j]) .
n
From Theorem 4.1 and Corollary 4.1 the sequences (w(l)n)n>1 forl e N
are convergent to the limits a(l) such that -

la(@)] < > Il

i=Lk
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la(D)] < > 1b;1| for I >0,
J=l(k—1)+2,(1+1)(k—1)+1
HQ?(O)n - a(O)H S dk H (1 - mj(k—l)—i—l) fOI‘ l =0

i=2,[37]

and

[2(Dn — a(l)[| < vok (OXa bl(k—1)+2: R bl(k—1)+k) H (1 - mj(k—l)—l—l)
J=l+1,[ =]
foril>0andn>({+1)(k—1)+1.

We can apply Lemma 5.2 with x,, as yp, (x(m)n)n>1 as (x(m)n)n>l, a(m)
as Ly, 711 = var (0, by—1) 42, Buk—1) 435 - - - » D 1) (k—1)41) as &y for I > 1, (1 —
ml(k—1)+1) as ¢, S| = > lbjll as s; for L > 1, >~ ||z;| as so,

j=l(k—1)+2,(1+ 1) (k—1)+1 =1k

dy as to and [#=1] for f(n). It results that the series Y a(n) is convergent and
n>0

> sz+<dk+2m,1> H(l—ml(k_1)+1)>,

[>mo+1 >1 lsz"'L[Z—H

|zn, —al| < min (

mo=0,[3=]

where a = ) a(n).
n>0
The last inequality follows from the fact that (see Lemma 5.5.2))

o (0, By(k—1)42> Du(k—1)485 - - - » b1y (h—1)41) < Z 1651 -
j=l—D)12,(+ D(k—1)+1

It remains us to prove the convergence of the sequence (z,)p>1. Since
k

+oo = > m, = >, (Zml(k71)+p> there is a p € {1,2,...,k} such that
n>k p=1\>1

Zml(kq)ﬂ; = 400, and so [] (1 - mz(kq)ﬂ;) = 0 for every mg. From

i>1 I>mo+1

Remark 5.1 conditions from Lemma 5.1 are also fulfilled. Therefore the con-
vergence results from Lemma 5.1.

6. THE GENERAL INHOMOGENEOUS CASE

The next result is obvious.

LEMMA 6.1. Let n € N*, € > 0 and a1, az, ..., an, a be such that, ne <1,
a; > € fori€l,n,a#0and ay +as+ ---+a, =14 a. Then there exists
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b1,bo,...,b, such that by +bo+---4+b, =1 and b; > a; > € if a <0 or
a; >b;>¢eif a>0.

THEOREM 6.1. Let (X,| ||) be a Banach space. Let (an)n>k+1 be a
fixed sequence with a, € ]Rﬁ, (bn)n>k+1 be a sequence of elements from X
and (zp)n>1 be the linear recurrence of order k associated to the sequences
(an)n>k+1 and (bn)n>k4+1 with initial values x1, o, . ..,z € X, that is Tyyp =
a}HkxﬂJrk_l + ai+kxn+k_2 + -+ af§+kxn ~+ bntr. We suppose that c, =

Soah=14a, and Y |an| <oo. If > m, =00 and >, |bu] < o0
j=1,k n>k+1 n>k+1 n>k+1
then (zp)n>1 s convergent to a limit l € X and

o=l < win(apo4n, T (=g <

m0=0,[ﬂ]

= =l
< i (g (der X (Wl vlal) T (=) ).
mo=0,[7=F] I>k+1 I =

l=mo,[3=F]
where p € N* is fived, n > p + 2k — 2,
A= > (Il + Mlal),

1>mo(k—1)+p+1

By = (despr-+ 3 (a0 + M) )

I>1
- A
M= T ot} (max el + 3l ). = min (f.m,).
>kl =1k 1>1
Tl,p(b) = U2k (0X7 bl(k—1)+p+1a bl(k—1)+p+27 s bl(k’—l)—i—p—i—k—l)a
diyp-1= sup [lz; — x|
i j=Tktp—1

and

j=l(k—1)+p+1,({4+1)(k—1)+p

Proof. As in the proof of Theorem 5.1 we can make the proof of the
inequality only in the case p = 1.

We prove first that (z,,)n>1 is bounded.

Let us suppose that X =R and (zp)n>1 C Ry. Let

Yp = min{z,, Tpn_1,...,Tp_kr1} forn >k

and
Zn = max{Zp, Tp—1,...,Tn_gr1} forn >k
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Then
Ttk = Qpy pTntk—1 + Qpy o Tntk—2 + -+ Ay | Tn + n+k >
1 2 k
Sy pZntk—1F G Znk—1+ -+ G Znpk—1H bngk]| = CnprZnpk—1+[bnykl
and
Zn+k < maX{xn+ka szrkfl} <
< maX{CnJrkznqufl + ‘anrk’ 7zn+k71} < Zntk-1 max{l, Cn+k} + ‘anrk‘
Now, it is easy to see that

2n < 21 H max{1,c¢;} + Z ]b¢+1|< H max{l,cj}>§

j=k+1,n i=k+1n Jj=i+ln

< <zk+2bll> [[ meax{ic}< <2k+Z\bz\> [T max{1,e;},

>1 j=F¥in 1>1 §>k+1

where [[ max{l,¢;} =1.
j=n+1n

This proves that (x,),>1 is bounded by (zk + > |bl|> [[ max{l,¢;}
- >1 j>k+1

when X =R and (zp,)n>1 C Ry

If X =Rand (z,)n>1 C R, let (Z,,)n>1 be the homogeneous linear recur-
rence of order k associated to the sequences (an)n>k+1 C RF and (bp)n>k+1 C
R with initial values Z; = |z1|, T2 = |x2|,..., T = |zg| defined by T, =
a}l_i_kfnJrk,l + a72.b+kj;n+k72 +---+ afH_k@n + |bn+k‘-

It follows that |z,| < Z, < (m?x(|x]|) + Z \bl]) [[ max{l,¢;}.

= i>k+1

Let X be a Banach space anii let p: X — ]R be af hnt%ar and continuous
function with ||¢|| < 1. Then (gp(mn))n>1 is the homogeneous linear recurrence
of order k associated to the sequence (ay)p>k4+1 With initial values ¢(z1), p(x2),

X @('xk) € R; that is 90(l'n+k) = Q}H-kcp(xn-‘rk—l) + ai—i—kso(xn-‘rk—Q) +ee

aﬁ+k‘a0(xn) + ‘P(bn—i-k')'

From the previous, (¢(z,))n>1 is bounded by

<max lo(z;)]) + Z lo(by)] >Hmax{1,cj} <
k

J=1 >1 >k
< (max(lll) + X o ) T (1,5 = o,
J >1 >k

From the Hahn-Banach theorem, it follows that the sequence (x;,)n>1 is
bounded in norm by M. Indeed, if there exists z,, such that ||z,,| > M there



28 Alexandru Mihail 20

also exists ¢ : X — R a linear and continuous function such that ||¢|| = 1 and
lo(zm)|| = ||zm|| > M, which is a contradiction.

Using Lemma 6.1 when a4 # 0 with m,; = min (%, mn+k) for g, k for
n,an ., i+k, . thk, anyi forai,ag, ... an,aweobtainel €2 ... ek
such that el kT en+k 4+ efH_k =1 and efH_k > aiH_k > Mk if apyg <0
or a k2 Cnak = Mpak if apigr > 0. Then

1 2 k
Tntk = OpykTntk—1 T QpykpTntk—2 T+ QppTn + btk =

= O ntko1 + Cp g ntk2 + o eh g + dpi,
where
Antk = btk + ( Gy g — hk)l‘mkq +eeet (alfwrk - efwrk)x
If apyr = 0 we take al ik = =¢l nar and dpyg = by

In this way we have founded two sequences (e,),>k+1 with e, € RX and
(dn)n>k+1 with d,, € X such that

. S o

S =1, eh > = min (), ek — buskl < Man i

j=Lk
and

_ 1 2 k d
Ttk = €nipTntk—1 + Cniklnt+k—2 + -+ Cntrkln + dpik-
~ . 1 PN ~ ~
We also have m,,; = min (E,anrk) = min(My ik, Mptk—1s- -« Mpt+1)-

The new recurrence fulfills the conditions from Theorem 5.1. Indeed
> m, = oo if and only if > m, = co and > ||d,|]] < oo since

n>2k—1 n>2k—1 n>k+1
ST sl < 0o and > |apak| < oo.
n>k4l n>1
Let 71(b) = 71,1(b) = v2r(0x, bygh—1)425 Di(k—1)435 - - - » D(1+1)(k=1)+1)5 51 =
511 = > la;| and ri(d) = ri,1(d) = var(dyr—1)+2, dik—1)43+ - - »
G=lh—D)+2,1(k—1) 1k
di(k—1)+k)-

From Lemma 5.5.3) we have r;(d) < r;(b) + Ms; and from Lemma 5.5.2)
we have

ri(d) < max (ld;) < max (o511 + Msy).
j=1k—1)+2,(I+ 1) (k—1)+1 G=1(k—1)+2,(+1) (k—1)+1
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From the Theorem 5.1 the sequence (z,),>1 is convergent to a limit
l € X and

=t

len -l < min [ 3 Hdl||+<dk+z7“l(d)> T (- mugenynn)

n—1
mo=0,[3=1] \ iz mo(k—1)+2 121 l=mo+1

<  min > (bl + Mlai)+
mo=0,[ 37| \i>mo (k—1)+2

(S om) T a-man) =

<  min : AT+ <dk+ Z (Nloel|+M |al )) H (1_ml(k—1)+1)
mo=0,[2=1] I>k+1 l=mo+1,[2=1]

k—1
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