DIRICHLET PROBLEM WITH p(x)-LAPLACIAN

PETRE SORIN ILIAS

We give several sufficient conditions for the existence of weak solutions for the
Dirichlet problem with p(z)-laplacian

—Apyu = f(z,u) inQ
u=0 on 0f,

where Q is a bounded domain in RY, p(z) a continuous function defined on Q with
p(z) >1forall z € Qand f: 2 x R — R a Carathéodory function.
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1. INTRODUCTION

The study of Dirichlet problems with p(z)-laplacian is an interesting topic
in recent years. Especially, the special p(x) = p (constant) is the well-known
Dirichlet problem with p-laplacian. There have been a large numbers of papers
on the existence of solutions for p-laplacian equations in a bounded domain.
For example, Dinca et al. ([1], [2]) proved the existence of weak solutions
for the Dirichlet problem with p-laplacian using variational and topological
methods.

In this paper we consider the Dirichlet problem with p(x)-laplacian

—Apyu = f(z,u) inQ
(P) { u=0 on 012,

where Q C R¥ is a bounded domain, p : @ — R a continuous function with
p(xr) > 1 for any z € Q and f : @ x R — R a Carathéodory function which
satisfies the growth condition inspired by the case p(z) = p (constant). We give
sufficient conditions which allow to use variational and topological methods
in the case of p(z)-laplacian. The results obtained are generalizations of well-
known results for p-laplacian problems.
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44 Petre Sorin Iliag 2

2. THE SPACES W, *)(Q)

In order to discuss problem (P), we need some properties of the space

VVO1 P (m)(Q), which we call generalized Lebesgue-Sobolev spaces. Define

C(Q)={peC(Q) |p(zx)>1forany z € Q},
p-= anp(ﬂf), p =maxp(z), peC(Q)
€N e
M ={u:Q — R | uis a measurable real-valued function},

LPO)(Q) = {u eM | /Q\u(x)va(@ dz < oo} .

Let us introduce in LP(*)(Q) the norm
p(w
de <153.

||uH 1nf{

Then (LP@(Q), || | » ) is areflexive Banach space, call it a generalized Lebesgue
space. On LP(®)(§2) we also consider the function ¢, : LP®)(Q) — R defined by

- / () P de
Q

The connection between ¢, and || [|, is established by the next result.

u(z)
A

PROPOSITION 2.1 (Fan and Zhao [3]). a) We have the equivalences

[ull, < (> =)1 = ¢p(u) < (>,=)1,
ull, = a <= ¢p(u) = a when a # 0.
b) If [[ull, > 1, then [[ullp™ < @p(u) < [lullpt . If ull, <1, then |lul[;* <
op(u) < [lull;™
¢) A C LP@)(Q) is bounded if and only if p,(A) C R is bounded.
d) For a sequence (up),. C LP®(Q) and an element u € LP@)(Q) the
following statements are equivalent:
(1) lim u, = u in LP&)(Q);
(2) i oy — ) = 0
(3) up, — w in measure in Q and lUm @,(uy) = pp(u);

n—oo

e) lim [un|l, = +oo if and only if lim @p(un) = +o0.

Define the space WP (Q) as

wir@) () = {u e LP@(Q) | agl

T

e LP@(Q) forall 1 <i < N}
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and equipp it with the norm ||ully1p@ = |lull, + [[[Vul[l,, where [Vu| =
N 2
> (8
i=1

Denote by Wol’p(x)(Q) the closure of C§°(Q2) in WP(*)(Q) and consider
the function p* : Q@ — R defined by

Np(x .
p*(x) _ N—p[()(ai) if p(z) < N
“+00 if p(x) > N.

PROPOSITION 2.2 (Fan and Zhao [3]). a) The spaces LP™®) (Q), Whr(#)(Q)
and Wol’p(x)(Q) are separable and reflexive Banach spaces.
b) If ¢ € CL(Q) and q(x) < p*(x) for any x € Q, then the imbedding
from WP (Q) into LI (Q) is compact.
c) There is a constant C' > 0 such that
lull, < ClI[Vulll, for all u € Wy"(Q).

Remark 2.1. By Proposition 2.2 (c), [[[Vul||, and [[uly15w) are equiva-

lents norms in WO1 P(@) (©2). Hence from now on we will use the space VVO1 #(@) (Q)
equipped with the norm [juf|, , = [[[Vul|, for all u € Wol’p(x)(Q).

Remark 2.2. If ¢ € C(Q) and ¢(x) < p*(x) for any = € Q, then the
imbedding from I/VO1 P (x)(Q) into LI®*)(Q) is compact.

3. PROPERTIES OF THE p(z)-LAPLACE AND NEMYTSKII OPERATOR

To simplify the notation, we consider the separable and reflexive Banach
space X = Wy ") (Q) equipped with the norm [|ul|, , = [||Vul].
As in the case p(x) = p (constant), we consider the p(x)-laplace operator

—App) : X — X~ defined by
<—Ap(x)u, v) = / ]Vu|p(x)72 Vu-Vodz, u,veX.
Q

PROPOSITION 3.1 (Fan and Zhao [4]).

a) —App) : X — X* is a homeomorphism from X into X*.

b) —Ape) : X — X* is a strictly monotone operator, that is,

(=Ap@)u— (=Dp)v,u—v) >0, u#velX.

¢) —Apn) : X — X* is a mapping of type (6+), i-e., if up — u in X and

lim sup <—Ap(x)un, Uy — u> <0, then u, — u in X.

n—oo
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PROPOSITION 3.2. The functional ¥ : X — R defined by
1
U(u) = / —— |VulP® dg
o p(z)
is continuously Fréchet differentiable and W'(u) = —Apyu for allu € X.

In the last part of this section we recall the basic results on the Nemytskii
operator. If f: ) x R — R is a Carathéodory function and u € M, then the
function Nyu : Q@ — R defined by (Nju)(z) = f(x,u(r)) is measurable in
Q). Thus, the Carathéodory function f : € x R — R defines an operator
Ny : M — M, which is called the Nemytskii operator.

PROPOSITION 3.3 (Zhao and Fan [7]). Suppose f : @ x R — R is a
Carathéodory function and satisfies the growth condition

a(x)
@ )] < 5@ +hz), eQ, teR,
where a, B € C4(Q), ¢ > 0 is constant and h € LP@)(Q). Then Np(L*@)(Q)) C
LA@)(Q). Moreover, Ny is continuous from L*®)(Q) into L°@)(Q) and maps

bounded set into bounded set.

For a function a € C;(Q), we recall that 3 € C,(Q) is its conjugate

function if — + ﬁ =1forall xz € Q.

a(z)
Concerning the Nemytskii operator, we have

PROPOSITION 3.4. Suppose f: Q2 xR — R is a Carathéodory function
and satisfies the growth condition
)] < et + h(z), 29, teR,

where ¢ > 0 is constant, o« € C(Q), h € LA®(Q) and € CL(Q) is the
conjugate function of a. Let F': Q x R — R be defined by

F(:L‘,t):/Qf(x,s)ds.

Then
(i) F'is a Carathéodory function and there exist a constant ¢y > 0 and
o € LY(Q) such that

|Fa, )] < [t + o), 2€Q, teRr

(ii) the functional ® : L*®)(Q) — R defined by ®(u) = Jo Fz, u(z))dz
is continuously Fréchet differentiable and ®'(u) = Ny(u) for allu € L¥®)(Q).

Remark 3.1. If in the growth condition we take v € C(f2) and a(x) <
p*(x) for any z € Q, the imbedding X — L% (Q) is compact. Hence the
diagram

x L@ ) M pp@ ) L xr
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shows that Ny : X — X™ is strongly continuous on X.

Moreover, using the same argument, we can show that the functional
® : X — R defined by ®(u) = [, F(z,u(x))dzx is strongly continuous on X
and ®'(u) = Ny¢(u) for all u € X.

4. EXISTENCE OF SOLUTIONS BY A VARIATIONAL METHOD
Let the functional H : X — R defined by
1
H(u —/ — Vup(x)dx—/Fa:,ux dz.

W= [ == [ Fau)

The results from Section 3 show that H is a C' functional on X and
H'(u) = (~Ap) (1) — Ny(w), we X,

We recall that u € X is a weak solution for problem (P) if and only if

/ IVu[f@ 2 vy - Vode = / flz,u(z))de, veX.
Q Q

It is now obvious that u € X is a weak solution for problem (P) if and
only if H'(u) = 0. The main tool in searching critical points of H is the
“Symmetric Mountain Pass Lemma” (see Willem [6], Theorem 6.5) below.

THEOREM 4.1. Suppose X is an infinite dimensional real Banach space
such that X =V ® W, where V is a finite dimensional subspace of X and W
is a subspace of X. Let H € CY(X,R) be even and satisfy the (PS) condition
and H(0) = 0. Assume that

(i) there are constants ¢,y > 0 such that H(x) > v for all x € V with
2]l = ¢

(ii) for each finite dimensional subspace Y of X there is R > 0 such that
H(z) <0 for allx € Y with ||z|| > R.

Then H has an unbounded sequence of positive critical values.

In this section we shall work under the hypotheses

(1.1) py = maxp(z) < p* = inf p*(z),

zeN e
(12) f(l‘, _t) = _f(xvt)v T € Qv le Ra
(1.3) 1flz, )] < c|t|*@ L+ hz), 2€Q, teR,

where ¢ > 0 is constant, a € C(Q) with a(z) < p*(x) for all 2 € Q,
h e LP@)(Q) and 3 € C4(Q) is the conjugate function of o

(1.4) 0 < OF (z,t) < tf(z,t)
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for x € Q, t € R with [¢| > M, where M >0 and 6 € (p+,pf);
(1.5) oy < p_.

Definition 4.1. We say that the C'-functional H : X — R satisfies the
(PS) condition if any sequence (up)neny € X for which (H(upn))nen C R is
bounded and H'(u,) — 0 as n — oo, has a convergent subsequence.

We have the result below.

PROPOSITION 4.1. Assume (1.4). Then the functional H : X — R satis-
fies the (PS) condition.

Proof. Let the sequence (up)neny € X be such that (H(up))pen € R
is bounded and H'(u,) — 0 as n — co. Then there exists d € R such that
H(uy,) < d for all n € N. For each n € N denote

O ={z € Q| Jup(z)] > M}, @ =0 Q.

Without any loss of generality, we can suppose that M > 1.
If x € ), then |u,(z)] < M and, by Proposition 3.4 (i),

F(z,un) < ¢t [un (@)% + 0(z) < s M + o(),

F(z,up)dz < /

(ctM* 4+ o(x))dz < /(clMa+ +o(x))der =
Q

/ !
n n Q

w
Q

If x € Q, then |u,(x)| > M and, by (1.4),

hence
= ¢; M“*meas(Q) +/ o(x)dr = k.

F(aum) < 5 £, un () ()

which gives

) Pz, up)dz > % £t (2) ) in () =
Qn Qn

= % (/Q [z un(x))up (z)de —

By the growth condition (1.4), we have

<),

< cM“tmeas(2,) + M h(z)dz < eM**meas(Q) + M/ h(z)dz = ks,
o )

2

f(z, un(:c))un(x)da:> .

fz un(x))up (z)de

o <c i ()] + h(z) \un(gc)y) de <

/
n
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which yields

(3) —% o F (@, un (@) un (@)dz < %
We have
(4) /Qp(lx) IV [P® dz < d + / F(, un(2))dz + /% P, un(2))dz <
Sdthit | F@ un(e)de.
By (1), (2), (3) and (4), we get
(5) /Qp(lm IV [P das — ;/Qf(w,un(x))un(m)dx <k

where k = d + ki + 2.
On the other hand, because H'(u,) — 0 as n — oo, there is ng € N such
that ||H'(uy,)|| <1 for n > ng. Consequently, for all n > ng we have

<H,(Un)7un> < ||Un||1,p
or
[ ep(IVunl) = (Nyun, un)| < flunlly, ,
which gives

1 1 1
) 2 Npun,un) > 5 [l — 5201Vl
It follows from (5) and (6) that
1 1 1
™ (55— 5) #ol19a) = gl <k 2o

Consider the sets
A={neN|n>ngand |uyl1p <1}
and
B={neN|n>ngand ||u,|1p > 1}.

It is obvious that the sequence (up)nca C X is bounded. If n € B, then
|unlly , > 1 and we have the inequality

(8) Pp(IVtn|) 2 flunll7, -
Finally, by (7) and (8) we have
1 1

1
(5= 5) luallty = Il < . me B
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We know that 8 > p_ and the last inequality shows that the sequence
(un)nen € X is bounded. By the Smuljan theorem, we can extract a subse-
quence (un, )ken Of (un)nen weakly convergent to some u € X. As H'(uy, ) —
0, we get
9) lim (H'(up,),un, —u) =0.

k—o0

The Nemytskii operator Ny is strongly continuous, so that klim Ny(un,)
—00
Nyg(u) in X* and the weak convergence u,, — u in X yields

(10) klim (Nyun,, , tn, —u) = 0.
From (9) and (10) we conclude that
lim <—Ap(l,)unk,unk — u> =0

k—oo

which, together with Proposition 3.1(iii), shows that w,, — v in X. O

PROPOSITION 4.2. Suppose that the Carathéodory function f : QxR — R

satisfies hypotheses (1.3), (1.4) while the function p € C4 () satisfies hy-
pothesis (1.1). If V is a finite dimensional subspace of X, then the set S =
{u e V| H(u) > 0} is bounded in X.

Proof. We claim (see [1], Theorem 2.6) that there exists v € L*(Q),
v > 0, such that F(z,t) > ~(z) [t|’ for z € Q,[t] > M.
Consider the sets
le{xGQ]|u(m)|<M}, QQZQ\Ql
Using an argument similar to that in the proof of Proposition 4.1, we get a
constant k1 > 0 such that le F(x,u)dx‘ < ky. Then

(11) H(u):/Qp(lx)|Vu|p(m) dz — </91 Plauaet [ F(m,u)d:v) <

1
< —p(Ivul) - /

Qo
On the other hand,

(12) / +(z) |u(x)|? de = / (@) [u(a)]? dz - / (@) u(a)]’ dz >

Qo Q 971

1
F(z,u)dx + k1 < p—cpp(|Vu|) - / v(z) |u(z)|’ dz + k1.
_ Qs

0 0
> /Q (@) [u(@)|’ dz — M / Y(z)dz >

971

> /Q () [u(w) | dz — M? ] meas(Q),
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From (11) and (12) we conclude that
1
(13) HWH%L%MWM—Lb®HM@W®+h

where k = MY |||, meas(Q) + k.
The function || [, :  — R defined by

nw7=<évwﬂwmﬁmﬁé

is a norm on X. On the finite dimensional subspace V' the norms || ||, , and
| ||, are equivalent, so there is a constant o > 0 such that

(14) [ully, < ellully,, weV.
It is obvious that S N {u € V| |Jull1, <1} is bounded in X. Choose
ue SN{u eV ||ul|1p>1}. Then, by (13) and (14), we have

1
H(u) < E%(WUD = Jlullf + & <

1 0 oP+ 0
s lullfy, = llully + & < e lull5F = Null?, + &

Therefore

ap+ 0
. lull 5 = [lully + % >0

for all w € SN{ueV||ulip>1}. Taking into account that § > p,, we
conclude that the set S is bounded in X. O

PROPOSITION 4.3. Assume (1.3) and (1.5). Then there exist constants
0,7 > 0 such that H |Hu||1p=pz 5.

Proof. In the present context we have the inequalities

1
H(u) > ]IgppﬂVu\) — /QF(azju)dx
and

< aga(u) +bllull;,

/QF(JL‘, u)dx

for any w € X, where a,b > 0 are two constants depending on the numbers
¢, a, ||kl 5, B— which appear in (1.3). Clearly,

1
H(u) 2 —ep(IVul) = aga(w) = bllull,, weX,



52 Petre Sorin Iliag 10

taking into account that ¢,(|Vu|) > ||u|\11)7’p for all w € X with [[ul, , > 1,
we obtain

1
(15) H(u) > oy [ull¥ = apa(u) = bllully,

for all u € X with ||ull, , > 1.

The imbedding X — L*®)(Q) being compact, there is a constant k > 0
such that

(16) lulle < Ellully,, weX.
If [lull, > 1 and [lull; , > 1, then yo(u) < [lul[g" and from (16) we have

1
(17) H(u) > e lullfy = ak®* [lullyy, = bllully,

If [lull, <1 and [lull; , > 1, then wa(u) < [lullg~ and from (16) we have
1

(18) H(u) > o lullfy, — ak® [l = bllully,
The functions hq, ho : (1,400) — R defined by
1
hi(t) = —tP~ — ak® t* — bt,
D+
1
ho(t) = —tP~ — ak®+{+ — bt
D+

are continuous. Taking into account that ay < p_, we have tlim hi(t) =
—00
tlim hi(t) = +oo. Consequently, for any v > 0 there exists § > 0 such that
—00
hi(t) > v and ho(t) >« for all t € (1,4+00) with t > 0.
Choosing p = max {1,d} + 1, it is obvious from (18) that H(u) > ~ for
all w € X with [lull,, =p. O

At this stage we are in a position to prove the main result of this section.

THEOREM 4.2. Assume that hypotheses (1.1), (1.2), (1.3), (1.4), (1.5)
are satisfied . Then problem (P) has an unbounded sequence of weak solutions
(Un)peny € X for which H(u,) >0 for any n € N, and lim H(u,) = +oo.

Proof. The function f being odd in the second argument, the functional
H is even. It is obvious that H(0) = 0.

By Proposition 4.1, H satisfies the (PS) condition. Proposition 4.2 shows
that the set {u € Y | H(u) > 0} is bounded in X whenever Y is a finite di-
mensional subspace of X. Now, it is obvious that there exists R > 0 such that
H(u) <0 for all w € Y with ||ul, , > R.
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The space X is a reflexive separable infinite dimensional real Banach
space. A well-known result from the theory of Banach spaces ensures the exis-
tence of two subspaces V and W of X such that X =V & W and dimV < oco.

By Proposition 4.3, there are constants p,~y > 0 such that H |||u||1’p:p2 v.
So, H(u) > ~ for all w € V with |[ull; , = p. Applying Theorem 4.1, we
conclude that H has an unbounded sequence of positive critical values. The
proof is complete. [

5. EXISTENCE OF SOLUTIONS BY A TOPOLOGICAL METHOD

In this section we study the existence of weak solutions for problem (P)
giving up part of hypotheses from Section 4. As we have seen is Section 4,
problem (P), under assumptions (1.1)—(1.5), has an unbounded sequence of
weak solutions in X. We shall see that less hypotheses results in fewer weak
solutions. Moreover, we prove that in a special case problem (P) has a unique
weak solution in X. The main tool in this section in searching solutions for
problem (P) is a Fredholm-type result for a couple of nonlinear operators (see
Dinca [2]).

THEOREM 5.1. Let X and Y be real Banach spaces and two nonlinear
operators T, S5 : X —'Y such that

(i) T is bijective and T~ is continuous;

(ii) S is compact.
Let A # 0 be a real number such that

(i) | (VT — 8)(@)]| — o0 as [l — o0;

(iv) there is a constant R > 0 such that

1

IAT — 8)(@)|| > 0 if ||z|| = R, drs (1 _ ! <A5) ,B(0, R), 0) £0.

Then XT — S is surjective from X onto Y.

Before stating the main result of this section, we recall that u € X is a

weak solution for problem (P) if and only if —Aj,yu = Nyu in X*.

THEOREM 5.2. Suppose that the Carathéodory function f satisfies (1.3)
and (1.5). Then problem (P) has at least a weak solution in X.

Proof. In order to apply Theorem 5.1 we take X = Wol’p(x) (Q),Y =X~
T = —Ap(m) and § = Nf.

The real Banach space X being reflexive, every strongly continuous op-
erator U : X — Y is compact (see [5], Theorem 1.1). Previous considerations
show that the operator S is compact.



54 Petre Sorin Iliag 12

On the other hand, by Proposition 3.1(i), the operator T is a homeomor-
phism, so T is bijective and T~ is continuous.
By Proposition 2.1(b),

(19) 1T ()]l = [[ull7,
for all u € X with ||ul; , > 1. Since

(5.0 < [ (el ol +h@) o) de, v e X,

using Holder inequality and the compact imbedding X — Lo‘(x)(Q), we get
(20) 1S < el [u(@)*@ 7 |, + e we X,

-1

where ¢, ¢ca >0 are two constants. Moreover, we can choose g€ [a— —1, ay —1]
and c3 > 0 such that

(21) [ ua()[* 7]
From (19), (20) and ( 1), we deduce that

- 1
(22) (T =)W = [T = IS@)]| = [ullf, " —cresllullf) " — e
for all w € X with |uf|; , > 1. But

< ullf < esllulli,, weX.

tlggo (tp*_l — cpegtd T — 02) = +00

and from (22) we conclude that ||(T"— S)(u)|| — oo as |[ul|; , — co. Moreover,

there exists r1 > 1 such that |[(T"— S)(u)|| > 1 for all u € X with [ul|; , > r1.
Denote

A={ueX |u= tT~1(S(u)) for some t € [0, 1]}
and let us prove that A is bounded in X. For u € A\ {0}, i.e., u = tT~! (S(u))

with some ¢ € [0, 1], we have

(23) |7 (3)]| = 15l < cres lul, + 2
There are two constants a,b > 0 such that
lully ™ < alfullf, ™ +b i flull, € 0,8),
lullf 7t < alullf, ™ 0 i fuly, € (1],
lulli7 7 <allull$s ™ +b if flully, € (1,+00).
Let hi,hg : [0,1] — R and hg : (1,+00) — R be defined by
hi(t)=tP+~t—at®="1—b, ho(t)=tP- "1 —at®* "1 —b, hy(t)=tP- "' —at®+ 1 —b.

The sets {t € [0,1] | hi(t) < 0} C R, {t € [0,1] | ha(t) < 0} C R and
{t € (1,400) | h3(t) <0} C R are bounded in R.
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It follows from (23) and previous inequalities that A is bounded in X.
Then there exists ro > 0 such that A C B(0,72). Choose R = max{ry,rs}
and consider the homotopy of compact transforms Hj : [0,1] x B(0, R) — X
defined by Hi(t,u) = tT~1(S(u)). It is obvious from the choice of R that,
Hiy(t,u) # u for any u € dB(0, R). Consequently,

drs (I - Hl(oa ')7B(OvR)vO) =drs (I - Hl(la ')vB(O’R)vO) )
that is,
drs (I —T7(S),B(0,R),0) = drs (I, B(0,R),0) =1 # 0.

The couple of nonlinear operators (7,5) satisfies the hypotheses of Theo-
rem 5.1 for A = 1. We conclude that T'— S5 : X — Y is surjective. Then there
exists u € X such that T'(u) = S(u) and the proof is complete. [

COROLLARY 5.1. Assume the hypotheses of Theorem 5.2, and assume
also that the function f, : R — R defined by f.(t) = f(x,t) is decreasing a.e.
x € Q. Then problem (P) has a unique weak solution in X .

Proof. Tt is enough to prove that T'— S : X — Y is injective. Let
ur,ug € X such that (T"'— 95) (u1) = (T — 5) (u2). We have

(T'(u1) = T(u2), u1 — u2) = (S(ur) — S(u2), u1 — uz)
and, since T is strictly monotone,
(24) <S<’U,1) — S(ug),ul — ’LLQ) Z 0.

For a.e. xz €  we have (f(z,ui(x)) — f(x,ua(z))) (u1(z) — u2(z)) < 0. From
(24) we deduce that

(25) <S<U1) — S(uQ),ul — U2> =0.

Proposition 3.1(ii), (24) and (25) show that u; = us.
The operator T'— S : X — Y is bijective. Consequently, there exists a
unique w € X such that T'(u) = S(u). O
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