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We give a probabilistic interpretation of strong [A]-ergodicity at time 0. Then we
define the breaking up of a weakly A-ergodic Markov chain at time 0 as being the
cardinal |A| of A. For a strongly A-ergodic Markov chain at time 0 this notion is a
measure of the dependence on the initial state of the limit probability distribution;
clearly, it is useful for the design and analysis of some Markovian algorithms, such
as, the simulated annealing. Also we give a probabilistic interpretation of strong
ergodicity on a nonempty subset of state space at time 0. We show some theorems
on strong or uniform strong ergodicity on a nonempty subset of state space at
time 0 or at all times, some theorems on weak or strong ergodicity, and a theorem
on uniform weak A-ergodicity. Since the case P, — P as n — 0o is met with the
simulated annealing, some of these results refer to this case or, in particular, they
can be applied to it. We also make a connection with reliability theory (see [6]
and the references therein).
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1. PROBABILISTIC INTERPRETATION
OF STRONG [A]-ERGODICITY AT TIME 0 AND BREAKING UP

In this section we give a probabilistic interpretation of strong [Al-ergo-
dicity at time 0. Further, this probabilistic interpretation leads us to define
the breaking up of the state space of a weakly A-ergodic Markov chain at
time 0. The breaking up is useful, e.g., for the design and analysis of some
Markovian algorithms, such as, the simulated annealing.

In this paper, a vector z is a row vector and 2’ denotes its transpose.

Consider a finite Markov chain (X,,),,~, with state space S={1,2,...,r},
initial distribution pg, and transition matrices (Py)n>1. Frequently, we shall
refer to it as the (finite) Markov chain (P, ),>1. For all integers m > 0, n > m,
define

Pm,n = m+1Pm+2 oo Pn = ((van)’u)lﬂes '
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(The entries of a matrix Z will be denoted Z;;.)
Set

Par(E) = {A | A is a partition of E},

where F is a nonempty set. We shall agree that the partitions do not contain
the empty set, except for the case from Theorem 3.6 and that of bases from
Remark 3.16 (like in [7], [18], and [19]).

Definition 1.1. Let A1, Ay € Par(E). We say that Ay is finer than Ay if
VvV € Ay, W € Ay such that V C W.
Write A7 < As when A; is finer than As.

In A-ergodic theory the natural space is S x N, called state-time space.
Let 0 # A C S and ) # B C N.

Definition 1.2 ([18]). Let i,j € S. We say that ¢ and j are in the same
weakly ergodic class on A x B if ¥V (k,m) € A x B we have

lim [(Pm,n)zk: - (Pm,n)]k] = 0.

n—oo

Write i %P j when ¢ and j are in the same weakly ergodic class on

A x B. Then “%% is an equivalence relation and determines a partition A =
A(Ax B) = (C1,Cq,...,Cs) of S. The sets C1,Cy,...,Cs are called weakly
ergodic classes on A X B.

Definition 1.3 ([18]). Let A = (C4,Cy, ..., Cs) be the partition of weakly
ergodic classes on A x B of a Markov chain. We say that the chain is weakly
A-ergodic on A x B. In particular, a weakly (S)-ergodic chain on A x B is
called weakly ergodic on A x B for short.

Definition 1.4 ([18]). Let (Ci,Ca,...,Cs) be the partition of weakly
ergodic classes on A x B of a Markov chain with state space S and A € Par (5).
We say that the chain is weakly [A]-ergodic on Ax Bif A < (C1,Cs,...,Cs).

According to [18] (see also [10], [14], and [15]), in connection with the
above notions and notation we mention some special cases.

1. Ax B=S x N. In this case we write ~ instead of SN and omit ‘on
S x N’ in Definitions 1.2, 1.3, and 1.4.

2. A= S. In this case we write 2 instead of ¥ and replace ‘S x B’ by
‘(time set) B’ in Definitions 1.2, 1.3, and 1.4. A special subcase is B = {m}

(m > 0); in this situation we can write ~ instead of b and can replace ‘on

(time set) {m}’ by ‘at time m’ in Definitions 1.2, 1.3, and 1.4.

3. B = N. In this case we set ~ instead of 2N and replace ‘A x N’ by
‘(state set) A’ in Definitions 1.2, 1.3, and 1.4.
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Definition 1.5 ([18]). Let C be a weakly ergodic class on A x B. We say
that C'is a strongly ergodic class on Ax BifVi € C, V (j,m) € Ax B the limit
lim (Pm,n)ij = Tm,j; = Tm,j (C)

exists and does not depend on <.

Definition 1.6 ([18]). Consider a weakly A-ergodic chain on A x B. We
say that the chain is strongly A-ergodic on A x B if any C' € A is a strongly
ergodic class on A x B. In particular, a strongly (S)-ergodic chain on A x B
is called strongly ergodic on A x B for short.

Definition 1.7 ([18]). Consider a weakly [A]-ergodic chain on A x B. We
say that the chain is strongly [A]-ergodic on A x B if any C' € A is included
in a strongly ergodic class on A x B.

Also, according to [18] (see also [9] and [11]), in connection with the
notions from Definitions 1.5, 1.6, and 1.7 we can simplify the language as in
the above cases 1, 2, and 3.

Let T' = (T;5) be a real m x n matrix. Let 0 # U C {1,2,...,m} and
0#V C{1,2,...,n}. Define

1%
Ty = (Tij)ieU, je{1,2,..n} > T = (Tij)ie{1,2,...,m}, JEV
n
vV _ (. — ; : .
Iy = (sz)ieU, jev, & (T) = 1§1}13H§1mk min (Tig, Tjx)

(if T is a stochastic matrix, then « (7T') is called the ergodicity coefficient of
Dobrushin of T (see, e.g., [4, p. 56] or [5, p. 143])),

T —
<mz‘ ik ]k"

A (T)—[rglelga(TK) a (T) = mgﬁa(TK)

where A € Par ({1,2,...,m}) (see [14] for yo and Ya), and

n
Il = e 31T
j:

a(T) = <m

1
2 1<i,j<

(the oo-norm of T).
Let
Ry, ={P | P is areal m x n matrix},

Ny = {P | P is a nonnegative m x n matrix},
Smn = {P | P is a stochastic m x n matrix},

and for m=n:=r

R, =Ry, Ny=DNpp, S =5,

i
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Definition 1.8 ([15]). Let A € Par ({1,2,...,m}). We say that a matrix
P € Ry, is [A]-stable if Pk is a stable matrix (i.e., a real matrix whose rows
are identical), VK € A.

Definition 1.9 ([14]). Let A € Par ({1,2,...,m}). We say that a matrix
P € Ry, is A-stable if A is the least fine partition for which P is a [A]-stable
matrix. In particular, a ({1,2,...,m})-stable matrix is called stable for short.

Definition 1.10. Let ) # K C S. Let p be a probability distribution on
S. We say that p is concentrated on K if p°~K = 0.

THEOREM 1.11. Let (Xp),>; be a strongly [A]-ergodic Markov chain
at time 0 with state space S, initial distribution pg, and transition matrices
(Pp)n>1- If 3K € A such that pg is concentrated on K and lim Py, := I,

n—oo
then

(1.1) lim P(Xn = ]) = (Ho)ij = Qag,K.j, VjeS, Vie K.
n—oo

Proof. Since the chain is strongly [A]-ergodic at time 0, Iy is a [A]-

stable (stochastic) matrix. Now, from the fact that pg is concentrated on K

and P (X, = j) = (poFo,n), , we obtain the conclusion by letting n — oo. [

Theorem 1.11 (1.1) yields a probabilistic interpretation of strong [A]-
ergodicity at time 0. We see that the limit distribution depend on K € A
and does not depend on the initial distribution pg, if it is concentrated on
K. Therefore, all strongly [Al]-ergodic chains at time 0 with the same state
space S, initial distribution concentrated on the same set K € A, and the
same transition matrices (P,)n>1 have the same limit distribution. This result
generalizes a well-known result for strong ergodicity (see, e.g., [4, p. 223] or
[5, p. 157]). Also, this result holds for any strongly [A]-ergodic chain on (time
set) B with 0 € B (because this implies that the chain is strongly [A]-ergodic
at time 0) and for any strongly A-ergodic chain on B with 0 € B (because this
implies that the chain is strongly [A]-ergodic on B with 0 € B). Moreover,
we remark that if a chain is strongly [A]- or A-ergodic on B with 0 € B,
then 3A’ € Par (S) with A < A’ such that the chain is strongly A’-ergodic at
time 0. Therefore, we can replace ‘[A]-” with ‘A-" in Theorem 1.11 (this is the
maximal case). As concerns some Markovian algorithms, such as, simulated
annealing, which are strongly [A]- or A-ergodic at time 0 (Niemiro [8] asserts
that under some conditions simulated annealing is strongly A-ergodic at any
time m > 0 (he used the term ‘convergent’, therefore he did not determine
A)), we infer that it does not matter the starting point belonging to a given set
K € A. This means that A and |A| give us information about the dependence
on the initial state of the asymptotic behaviour of the algorithm. Moreover,
for strongly A-ergodic Markov chains at time 0, the importance of A and |A| is
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supported, too, by the following basic fact. Consider the collection of strongly
A-ergodic Markov chains at time 0 with the same state space S and the same
transition matrices (P,)p>1. For any K € A, all chains of the collection with
the initial distribution concentrated on K have the same limit distribution, say
p(K). If a chain belonging to the considered collection has initial distribution
po and limit distribution 7y, then

T = Z Z (po); p(K),

KeAieK

i.e., my is a convex combination of the p(K), K € A. Accordingly, we define
the following notion in a more general context, namely, for weakly A-ergodic
Markov chains at time 0.

Definition 1.12. Consider a weakly A-ergodic Markov chains at time 0.
We say that the number by := |A| is the breaking up of the state space S at
time 0 of the Markov chain. (In general, if a Markov chain is weakly A-ergodic
on A x B, then we say that the number baxp := |A| is the breaking up of A
on B of the Markov chain. In particular, if A x B =5 x N, then we use b in
place of bgxN and say that b is the breaking up of the Markov chain for short.)

We can say that the breaking up (of the state space S at time 0) is a
measure of the dependence on the initial state of the limit probability dis-
tribution of a strongly A-ergodic Markov chain at time 0. This statement is
supported by the above considerations and the following result.

ProposiTION 1.13. We have

(i) A < A implies |A| > |A'];

(ii) bg > 1; bg = 1 if and only if the chain is weakly ergodic at time 0;

(iii) bo < |S| = 75 bo = 7 if and only if the chain is weakly ({i});cq
ergodic at time O.

Proof. Obvious. [

Remark 1.14. (a) Proposition 1.13 (i) can be used to obtain lower bounds
for breaking up (for by we cannot use Theorems 1.30, 1.31, 1.44, and 1.45 from
[20], but for b we can use them).

(b) bp = 1 means that we do not have dependence on the initial state
(this is the best case); by = r means that we have maximum dependence on
the initial state (this is the worst case).

Let H : S — R be a function. We want to find migH (y) . A stochastic
ye

optimization technique for solving this problem approximately when S is very
large is the simulated annealing (see, e.g., [8] and the references therein).
For this, consider a sequence (3,),~; of positive real numbers with 3, — oo
as n — 00 ((By),>; is called the cooling schedule), a irreducible stochastic
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matrix G = (Gij); jes

(G is called the generation matriz) and the Markov

chain (X},),,~; with state space S and transition matrices (P,),~;, where

Gije‘ﬁn(H(j)‘H(i))+ if i £ §,

(Pn)ij =
i

L= > (Po)ik

if i = j,

Vi, j € S. (Py)n>1 is the simulated annealing chain; it determines the simulated
annealing algorithm (this is the classical case).

We have
0
lim (P,);; = Gij
n—oo 1 _

if i # §, H(j) > H(3),
if i £ j, H(j) < H(i),

Gy, ifi=7,

Vi, j € S. Therefore, this chain belongs to the class of Markov chain (P,),>1
with the property that there exists a (stochastic) matrix P such that P, — P
as n — oo. It follows that it is important to study the collection of Markov
chains (P,)p>1 for which P, — P as n — oo (related to this see, e.g., [1], [4,
pp. 226-228], [5, p. 170 and pp. 176-178], [13], [16], [20], and, in this paper,
Theorem 2.7 (from Section 2) and Sections 3 and 4).

The breaking up for the simulated annealing is an open problem. This is a
hard problem, but for some examples it can be easy as shows the following case.

Ezample 1.15. Let H : {1,2,3,4} —» R, H(1) = H(4) = 4, H(2) =

H(3) =2 and
1
2
1
3
G =
0
0
We have
1 1
2 2
%e_wn 1-— % (1+ e_w")
P, =
0 3
0 0

1
100
1 1
3 30
111
3 3 3
1 1
0 3 3

11 (1+e2%n) le=2

Vn > 1,
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and
1 1
5 53 00
2 1
0 5 5 0
P, — L =P asn— oo.

0 5 50
1 1

0 0 5 35

Since P is a mixing matrix (see Definition 4.7), the chain is strongly ergodic
(this is a theorem of J.L. Mott (see, e.g., [4, p. 226] or [22, p. 150]). Therefore,
bo = 1,V (5n),>; with 8, — 0o as n — oo, i.e., as for breaking up, this is the
best case. -

Now, we give an example for which the breaking up problem is not easy
even if the state space S is very small.

Ezample 1.16. Let H : {1,2,3,4} —» R, H(1) = 2, H(2) = H(3) = 4,
H(4) =0 and

1 1
3 3 00
0L Lo
2 2
G - 1 1 1
0 5 3 3
1 1 1
3 0 3 3
(here G2 > 0 and Ga1 = 0). We have
1—1e % le=20n 0 0
0 1 1 0
P, = ? ? L Ve > 1,
0 1 1 1
3 3 3
%e—Qﬂn O %6_4’(3” 1 _ % (e_2ﬁn _|_ e_4ﬁn)
and
1 0 0 0
0+ %0
P, — =P asn— oo.
o L 11
3 3 3
00 0 1

Since P is a reducible matrix we cannot use the theorem of J.L. Mott. Some
open problems here:
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1) V(Bn),>; with > e720 < 0o, do we have by > 2?7 (Obviously, using
- n>1

[1] or [20], we have b > 2,V (f3,),,5; With e 2P < 00.)

n>1

2) 3(Bn),> with 3 e72%» < oo such that by = 2 (i.e., is the chain weakly
- n>1

(or strongly) ({1}, {2,3,4})-ergodic at time 0)? (3(83,), >, with > e™2%» <
- n>1
oo such that b = 27)

From this section we infer that for the design and analysis of some Mar-
kovian algorithms (in particular the simulated annealing) we should have in
view breaking up, too; obviously, an algorithm with a breaking up as small as
possible is preferable.

2. PROBABILISTIC INTERPRETATION OF STRONG ERGODICITY
ON A NONEMPTY SUBSET OF STATE SPACE AT TIME 0

In this section we give a probabilistic interpretation of strong ergodicity
on a state set A, ) # A C S, at time 0, i.e.,, on A x {0} (see Definition 1.6).
Also we prove some results related to strong ergodicity on A (see also [9] for
some results and examples).

In the next result we give a probabilistic interpretation of strong ergod-
icity on A x {0}. In particular, it holds for a strongly Markov chain on A.

THEOREM 2.1. Let (Xy,),~, be a strongly ergodic Markov chain on A x
{0} with state space S, initial distribution pg, and transition matrices (Pp)p>1.
If lim (Po,)" := 1y, then
n—oo
lim P (X, = j) = (I), := apj, VjE€A Vi€s.

n—oo
(Since Iy is an v x |A] matriz, we agree that (Ily),; is the entry of I in its
ith row and the column corresponding to state j.)

Proof. Since Il is a stable r x |A|] matrix, we have

n—oo Nn—00 n—oo

=po (o) = (y),;, Vj€A Vies

((Ho){j }is the column of I1 corresponding to state j), i.e., the conclusion. [
In Theorem 2.1 we obtained a formula for the limit distribution on A
of the chain; it also give us a probabilistic interpretation of strong ergodicity
on A x {0}.
We know that a strongly ergodic chain has a unique limit, i.e., 3Il € S,

(moreover, II is a stable matrix) such that lim P, , = II,Vm > 0 (see, e.g.,
n—oo
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[4, p. 223] or [5, p. 157]). In the next theorem we show that this result can be
generalized for strong ergodicity on any nonempty subset of the state space.

THEOREM 2.2. Consider a Markov chain (Pp)p>1. If it is strongly er-
godic on A at time m with limit I1,,, Ym > 0, then there exists a stable
(substochastic) matriz II such that I1,, =II, Vm > 0.

Proof. We show that I1,,, = I1,,,11, Ym > 0. First, remark that if P is an
r X r stochastic matrix and @ is a stable real matrix, then PQ = ). Next,
)A

I, = lim (Pp,)? = lim Ppy1 (Pt
n—oo n—oo

: A
= I'm+1 nh—>n;>lo (Pm—i—l,n) = m+1Hm+l = Hm+17 Vm > 0.

Therefore, 11, =1y :=1II, Vm >0. O
A criterion for strong ergodicity on a nonempty subset of state space S
is the following result.

THEOREM 2.3. Consider a Markov chain (Xp), >, with state space S,
ingtial distribution po, and transition matrices (Pp)p>1.
(i) If 3j € S such that lim (P,)V} =0, then
(i1) the chain is sgg;%ly ergodic on {j} with limit 0O;
(i2) lim P (X, =j)=0.
(ii) (A genne?;loization of (i)) Let
A= {j [j €S and lim (P)0) = o}.

If A#+0, then
(iil) the chain is strongly ergodic on A with limit 0
(ii2) lim P(X, =j)=0, Vj€ A (therefore, lim P(X, € A)=0).

Proof. (i) (i2) follows from (il1) and Theorem 2.1. To prove (il) let
U = vy (j) = max(P,);;, Vn>1.
€S

Then
(Pm,n)ij = Z (Pm,n—l)ik (Pn)kj < Z (Pm,n—l)ik Un =
keS keS
= vnz (Prn-1), =vn — 0asn—oo, Vm >0, Viebs,

kesS
i.e., the chain is strongly ergodic on {j} with limit 0 (see also Theorem 2.2).
(ii) It follows from (i) because a chain is strongly ergodic on A with limit
0 if and only if it is strongly ergodic on {j}, Vj € A, with limit 0. O

A first generalization of Theorem 2.3 is
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THEOREM 2.4. Consider a Markov chain (X,),~,; with state space S,

initial distribution po, and transition matrices (Pp)p>1. If there exist A, () #
A C S, and a stable matriz T such that lim (P,)* = I, then the chain is

n—oo
strongly ergodic on A with limit II and lim P (X, € A) = ) II;;, Vi€ S.
n—oo jea
Proof. The chain is strongly ergodic on A with limit IT if and only if it
is strongly ergodic on {j} with limit 1TV}, Vj € A (II¥7} is the column of II
corresponding to state j). Let j € A. Let
Up = Up(j) = min(P,);; and v, =v,(j) = max(FP,);;, Vn>1.
1€S €S
By hypothesis we have
lim u, = lim v, =1I;; :=a;, Vi€ S
n—oo n—oo

(II;; is the entry of II in its ith row and the column corresponding to state j).
Using the proof of Theorem 2.3 it is easy to see that
Un < (Pmpn)ij < vpy, Ymyn, 0<m<n, Vies.
Hence
lim (P, )i = lim u, = lim v, = a;.
n—oo n—oo n—oo
The last assertion is now obvious. [

A second generalization of Theorem 2.3 is

THEOREM 2.5. Consider a Markov chain (X,),~,; with state space S,
initial distribution po, and transition matrices (Pp)p>1. If 3A, 0 # A C S,

such that lim sup lim sup (Pn_lm)A = 0, then the chain is strongly ergodic on
l—o0 n—oo

A with limit 0 and lim P (X, € A) =0.

Proof. We first show that the chain is strongly ergodic on A with limit
0. Let j € A. It follows from

(Pm,n)ij = Z (Pm,n—l)ik (Pn—l,n)kj <

kesS
< Z(Pn—lm)kj’ Vi,m,n, 0<m<n—I1l<n, Vies,
kesS
that
lim sup(Pp, p)ij < Z lim sup (Pn—l,n)kj , VI>1, VYm=>0, ViesS.
So that

lim sup(Pp, p)ij < Z limsup limsup (P, n),; =0, Ym >0, Vi€ S.

n—oo kesS l—oco  m—o00 J
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Therefore,
lim (Pm,n)ij =0, Vm>0, Vies,

n—oo
i.e., the chain is strongly ergodic on {j} with limit 0. Thus it is strongly
ergodic on A with limit 0. The second part follows from the first part and
Theorem 2.1. [

Theorem 2.5 has a related result which is in fact a generalization of
Theorem 1.35 from [20] (see also Theorem 2.27 from [18]). For this, we should
remember that a chain (P,),>1 is limit strongly ergodic on A (0 # A C S) if
there exists a stable (substochastic) matrix II such that

lim lim (Pp,)* =11

m—00 N—00

(see Definition 2.5 from [18]; the equivalence follows from 3 lim (P, )4, Vm >

mo (mg > 0), because |S| < oo and, as in [18], we agree that when writing

lim lim a,,, where a,, € R, Vu,v € N with © > uj, v > v(u), we assume
U—00 V—00

that Jup > u;y such that 3 lim a4, Yu > ug).
V— 00

THEOREM 2.6. Consider a Markov chain (Pp)n>1. Then the chain is
strongly ergodic on A with limit I1 if and only if it is limit strongly ergodic on
A with limit 11.

Proof. “=7 1If the chain is strongly ergodic on A with limit II, then
lim (Pp,)* =10, Vm > 0. It follows that lim lim (P,,,,)" = II, ie., the

n— 00 M—00 N—00
chain is limit strongly ergodic on A with limit II.

“«<" If the chain is limit strongly ergodic on A with limit II, then Jdmg > 0
such that 3 lim (Pm,n)A7 VYm > myg, and
n—oo

lim lim (Pp,)" =1L

m—0oo N—0o0
Further, it follows that 3 lim (P, ,)?, ¥m > 0. Now, we show that
n—oo
lim (Pm,n)A =1II, Vm > 0. Setting Q,, = lim (Pmm)A7 VYm > 0, we have
n—oo

n—oo
1P =10 = [P~ Pt <
< 1Pkl 1 (Pen)™ = T[] = [[[(Prn)® = TI] | <
<P = Qelll o 1@k =Ty, VR, mym, 0<m <k <mn,
which implies

limsup |||(Pr)® = ||| < [1Qk — |, Vk,m, 0<m < k.
n—oo
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Since lim @Q,, = II, we have
m—0o0

lim sup [[|(Pn.n)® = M|, < inf [[Qx = T[l| =0, ¥m >0,

Therefore, lim (Pm’n)A =TI, Ym > 0, i.e., the chain is strongly ergodic on A
n—oo

with limit II. O

In the case P, — P as n — oo with P having transient states (i.e., the
homogeneous Markov chain with transition matrix P has transient states) we
have more than Theorem 2.5. For this, we should remember that a Markov
chain is uniformly strongly ergodic on A with limit IT if lim (Pm’n)A = II uni-

n—oo

formly with respect to m > 0 (see Definition 1.13 from [18] and Theorem 2.2).

THEOREM 2.7. Consider a Markov chain (P,),>1 with P, — P as n —
oo. Let T be the set of transient states of P (P has one or more recurrent
classes). Suppose that T # (. Then the chain is uniformly strongly ergodic on
T with limit 0.

Proof. Tt is known that (P™)" — 0 as n — oo (see, e.g., [4, p. 91]). Let
e > 0. It follows from |S| < oo that Ing > 1 such that (P™),, <¢, Vi € S,
Vj € T. Further, because |S| < co and

lim (Pn,n-‘rno)T = (PnO)Ta

n—oo

dnq > 0 such that
(Panano)y; <€ Vnzm, Vie S, VjeT.
From

(Pm,m—i-n—l—nl—‘rno)T = Pm,m+n+n1 (Pm+n+n1,m+n+n1+no)T ’ Vm, n 2 O,
we have
(Pm,m—&-n—&-nl-i-no)ij <g, Vm,n > O, Vi € S, VJ S T,

since Py, m+n+n, 15 @ stochastic matrix, Vm,n > 0. Therefore, the chain is
uniformly strongly ergodic on 7" with limit 0. [J

To apply Theorem 2.7 to the simulated annealing chain (P,),>1 (see
Section 1) we need to determine the set of transient states of P, where P =
lim P,. This is T = {z |ieSand3p>2, Ji,ia,...,ip € S such that iy =

n—oo
7, GiliQaGiQig,’ ce 7G7:p717:p > 0, and H(Zl) ZH(’LQ) > e 2> H(’ip_l) >H(’ip)}U
{i |i€Sand3j €S, )i for which Ip > 2, Ji1, iz, ...,y € S such that

11 = ’i, ip = j, GilizaGiQiga"' 7G7lp_1ip > 0, and H(Zl) = H(’Lg) = ... = H(’Lp)
and Vq > 2, Vji,J2,...,7q € S such that j1 = j, j, =4, and H(j1) = H(j2) =
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<= H(jg), Ju € {1,2,...,¢ — 1} with G} .., = 0}. Further, by Theo-
rem 2.7, the simulated annealing chain is uniformly strongly ergodic on T'
with limit 0 and nh—>n<>lo P(X, =j) =0,Vj €T (see also Theorem 4.2 from [§]
which has something in common with this result). Setting R =S — T (R is
the set of recurrent states of P), we note also that

(i) PS > GS, if C is a recurrent class;

(ii) if PE is irreducible and aperiodic (this happens if R is a recurrent
class and, e.g., G% is irreducible and aperiodic), then P is mixing (hence, using
a theorem of J.L. Mott (see, e.g., [4, p. 226] or [22, p. 150]), it follows that the
simulated annealing chain is strongly ergodic in this case (therefore, by = 1
for any cooling schedule (8,),,~1))-

3. WEAK AND STRONG ERGODICITY

In this section we continue the study of special chains (P,),>1 with
P, — P as n — oo. Here we give some weak or strong ergodicity results both
related to such chains and results which can be applied to some special cases.
The following theorem is a well-known result on weak ergodicity.

THEOREM 3.1 (J. Hajnal). Consider a Markov chain (P,),~,. Then
it is weakly ergodic if and only if there exists a strictly increasing sequence

0 <ni <ng <--- of natural numbers such that » o (Pns,ns+1) = 0.
s>1

Proof. See, e.g., [4, p. 219] or [5, p. 151]. O
Closely related to Theorem 3.1 is the following result.

THEOREM 3.2. Consider a Markov chain (P,)p>1. Then it is weakly
ergodic if and only if there exist two strictly increasing sequences (ns)521 and

(n;)521 of natural numbers with 0 < nf < ny < nh < ng < -+ such that
Z Q(P ,Sa s) = 0.
& nl.n

Proof. “=" If the chain is weakly ergodic, then by Theorem 3.1 there

exists a strictly increasing sequence 0 < my < mg < --- of natural numbers
such that > a(Pp, m,,,) = oo. Now, the conclusion follows with (ng),~; :=
s>1 =

(mS)SZZ and (n;)szl = (ms)sZI'

“«<” Using the well-known properties & (A) =1 — a(A) and a (AB) <
a(A) a(B), where A,B € S, (see, e.g., [4, pp. 57-58] or [5, pp. 144-145)),
we have

« (Pnsflyns) 2 « (PTL,S,TLS) 9 VS Z 2
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This implies
Z o (Pn57n3+1) = o0,
s>1
i.e., by Theorem 3.1, the chain is weakly ergodic. 0O

Remark 3.3. (a) Theorem 3.1 was generalized for [A]-groupable Markov
chains in [15]. The same thing can be made for Theorem 3.2 using ya in place
of a.

(b) The application of Theorems 3.1 and 3.2 can fail in some cases, e.g.,
in the case when they require only unbounded sequences of the block lengths
(the length of a block P, ,, is n —m; for other things about blocks see [16] and
[20]). An example where they can be applied and the sequences of the block
lengths can be taken unbounded is

e

Iy if n # 2% Yk >0.

We can apply Theorems 3.1 and 3.2, e.g., with P, ., = Pos 9s+1 and Py 5, =
Pys_1 95, respectively, Vs > 1. Also, Theorems 3.1 and 3.2 can be applied here
with all blocks of length 1.

NI— N
NI— N

) if 3k > 0 such that n = 2’“,

PROPOSITION 3.4. Let (ay),~; be a sequence of nonnegative real numbers
and k > 1. If > a, = oo, then there exists a strictly increasing sequence

n>1
1 <ny <ng <--- of natural numbers with nsy1 —ns =k, Vs > 1, such that
> an, = 00. Moreover, Ju € {0,1,...,k — 1} such that Y agpiu = 00.
s>1 n>1

Proof. Case 1. k = 1. Obvious.

Case 2. k > 2. Suppose that for any strictly increasing sequence 1 <
ny < ng < --- of natural numbers with ngy; —ng = k, Vs > 1, we have
> an, < oco. Then

s>1
E Afn, < OO, Zakn-H <oo,..., Zakn+(k—1) < 00,

n>1 n>1 n>1

so that > a, < co. Contradiction. The last part is now obvious. [
n>1

Remark 3.5. It follows from Proposition 3.4 that ) a,, = oo still holds
s>1
if ngp1 —ng >k, Vs > 1.
Clearly, we also need simple results on weak ergodicity obtained directly
from entries of matrices without using the ergodicity coefficients as in Theo-
rems 3.1 and 3.2. An example is the following result.
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THEOREM 3.6. Consider a Markov chain (Py)n>1 and A = (K1, K, ...,
K,, Kpy1) € Par (S), where Kpiq1 # 0 or Kpyq =0 (Kpyq is the set of tran-

P
sient states of P below). Let K = |J K,. If
1

(i) P, — P as n — ox; -

(ii) PII((: is an irreducible and aperiodic stochastic matriz, Vue{1,2,...,p}
(therefore, PI[({;’ =0, Vue{1,2,...,p}, Yo e {1,2,...,p+ 1} with u # v (if
K,11 =0, then we set P;'){u =0,Vue{l,2,...,p}));

(i) Jv € {1,2,...,p+ 1}, Fj € K, Fiy € Ky, Fis € Kyy,y ..., Jiy €
K., such that

Z min (Pn)zj = 0Q,

nzlie{ihhw,iw}

w
where w is the smallest number with the property K — K, = |J Ky,

t=1
then the chain is weakly ergodic.

Proof. By (i), we have lim P, ,x = P¥, Vk > 1. Further, by (ii),
Jko > 1, 3ny > 1 such that e
(Prntko) g >0, Vn=>mng, Yue{1,2,...,p}.
It follows that Ja’ > 0 such that
(Pn,nJrkO)gh >ad, Vn>nj, Vg,h € Ky, Vue {1,2,...,p}.

By (i), (ii), and |S| < oo, Ja” > 0, Iny > 1 such that Vu € {1,2,...,p},
Vh € K,, dg € K, such that

(Po)gh > d”", Vn>ng.
Let [ > 0, a = min(d/,a”), and ng = max (ng, ny). By (iii) and Proposi-
tion 3.4, there exists a strictly increasing sequence 1 < nq < no < --- of
natural numbers with ng11 —ng =1+ kg + 1, Vs > 1, such that

Z min  (Fp,);; = 00

w1 1€{i1,42,..slw }

Let a,, = min  (Pp,);:» Vs > 1. Let s > 1. If ng + 1 > ng, then the
i€{i1,i2,0 0w} J
matrix

(Pn5+l7ns+l_1pns+l )g‘}

has all entries greater or equal to min (az,aans +1) for j € K,, where v €
{1,2,...,p}, and it has all entries greater or equal to aa,,, , for j € K, 1,
when K11 # () (therefore in both cases (Pns+l,ns+1)K is a Markov matrix
(see, e.g., [4, p. 57] or [22, p. 140)), if ay,, > 0).
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Case 1. K,11 = 0. It follows that P does not have transient states. By
the above considerations we have

« (Pns+l,ns+1) > amin (a, ansﬂ) , Vs>1, ng+1>ny,

so that

Z « (Pns+l,n5+1) >a Z min (a, ans+1) = 00

s21ns+1>no s>1,ns+1>ng

because a is a constant, a > 0, and

E Qp, = 00

s>1

(we use the cases:

1) {s|s > 1, ns+1>ng, and min(a,a,,) =a}| < oo;

2) {s|s > 1, ng+1>ng, and min (a,an,,) =a}| = Ro).
Now, by Theorem 3.2 (or Theorem 3.1, if we take [ = 0), it follows that the
chain is weakly ergodic.

Case 2. Kpi1 # 0. Now, P have transient states. Let 0 < ¢ < —_—

[Kptal”
Let ¢’ = |[Kp41|e. By Theorem 2.7, 3mg > 1 such that
(Pm,m+m0)gh <& VYm>0,VgeS, Vhe Ky.
This implies that

> Pomimo)gy >1—¢, ¥m=>0, Vg€ S.
heK

First, suppose that j € K,, where v € {1,2,...,p}. Take | = mgy. Be-
cause (Pnﬁ—l,ns“)g} has all entries greater or equal to min (a2,aans+l) for

ns + 1 > ng, it follows that (Pns,ns +1){j } has all entries greater or equal to
(1 — ¢)min (a?, aan,,) for ns+1 > ng. Therefore,

a(P

Ns,MNs+1

) > (1-¢)amin(a,an,,,), Vs>1, ns+1>no.

So that, by Theorem 3.1, the chain is weakly ergodic. The subcase j € Kp41
is similar. [

Problem 3.7. Under the assumptions of Theorem 3.6 is the chain even
strongly ergodic? (For the simulated annealing if the weak ergodicity is
proved, then under some conditions the strong ergodicity follows by a result
of R-W. Madsen and D.L. Isaacson (see Theorem V.4.3 in [5, p. 160]).)
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Ezxample 3.8. Let

D=
D[ =
)
)
o
o

1 3 1 1 1
mw O 1-% 1 m 0
P, = , Yn>1
0 0 1 3.0 0
1 1 1 1
0 0 0 5 3 372,
1 1 1 3 1
0O &% @mw 0 1 1-%

This chain satisfies the assumptions of Theorem 3.6 with j = 4, ;1 = 1, and
io = 5, therefore it is weakly ergodic.

Remark 3.9. Behind the reasoning from the proof of Theorem 3.6 there
are some types of matrices. Take (in the case K1 = 0), e.g.,

and B =

o O X X
o O X X
X X © O
X X © O
o o X X
o O X X
X X © O
X © O X

where x stands for nonzero entries. We have

AB =

O O X X
O O X X
X X © O
X X X X

Note that A is a diagonal [({1,2}, {3, 4})]-simple matrix (see [20]) with AE;{ >

0 and Ag’ﬁ > 0, B is a Sarymsakov matrix, but it is not an almost scrambling
matrix (see, e.g., [2, pp. 64—69], [3], [21], and [22, p. 146]), and the product
AB is a Markov matrix (see, e.g., [4, p. 57] or [22, p. 140]).

In particular, the notions and results from general A-ergodic theory can
be used to obtain results on weak or strong ergodicity (see also Section 2 and
[18]). An example in this section is Theorem 3.6. Another one is the following
theorem which, in particular, can be used in the case P, — P as n — oo with
P having one or more recurrent classes and transient states.
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THEOREM 3.10. Let

n O
P, = @ , Vn>1,
RTL T’I’L

be a Markov chain and (K1, K>) € Par (S), where (Pn)flgi =Qn, Vn>1. If
(i) K1 is included in a weakly (respectively, strongly) ergodic class;

(ii) (Pn)n>1 ts weakly ergodic on Ky (equivalently, [] T,, =0, Vt > 1),
n>t

then (Pp)n>1 is weakly (respectively, strongly) ergodic.

Proof. First, we suppose that K; is included in a weakly ergodic class.
By (ii), (Pn)n>1 is strongly ergodic on Ky with limit 0. Further, it follows from
|S] < oo and

(Pmm)K2 —0asn—o0, Vm>0,
that Ve, 0 <e <1, Vm >0, Vi € S, In,, > m such that
Z (Pm,n)ij >1- £, Vn > Nme-
JEK

Since |K1| < oo and K is included in a weakly ergodic class and (Pn)% =0,
Vn > 1, it follows that da > 0 with property that Vm > 0, 3n,,, > m such that
Y1 > Ny, 3jmn € K7 for which

(Qm,n)

(obviously, we use also the fact that a stochastic u x u matrix has in every
row at least one entry greater or equal to %)
Let m > 0 and 0 < € < 1. Then the matrix

>a, VieK;

ijm,n

Pmanm,sp

nmvf’nnm,s

has a column with all entries greater or equal to (1 —¢)a (therefore, it is a
Markov matrix (see, e.g., [4, p. 57] or [22, p. 140]). So that

(6% (Pm,nm,spnm,s,nnm E) 2 (1 — E) a.

Hence we can apply Theorem 3.1. Therefore, the chain (P,),~, is weakly
ergodic. a

Second, we suppose that K is included in a strongly ergodic class. It
follows that it is included in a weakly ergodic class. Hence, using the first
part, (P,)n>1 is weakly ergodic. Now, the chain (P,),>1 being weakly ergodic
and K being included in a strongly ergodic class, it follows that (P,),~; is
strongly ergodic (see Theorem 2.1 in [13]). O -
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Remark 3.11. The special case T,, = 0, Vn > 1, of the above theorem
can be given another proof. For this, consider the ergodicity coefficient (see
[17] (correctly, here, X = {1,2,...,m}?))

n

(A,B) = = ik — bkl
¢ (A4,B) 2i,je§f§‘,’f.,m};‘a’“ ikl

where A and B are two nonnegative m x n matrices. Further,

Qm,n 0
Ppn = , Vm,n,0<m <n.
Rypi1Qmyin O

Using the inequality
¢ (AC,BC) < (A,B) & (C), VYA,B¢€S,, VC € S,,,

from [17], we have

C_ (Qm,naRm+1Qm+1,n) §6 (Qm+laRm+1) a (Qm+1,n) <

<a (Qm+in) —0asn—oo, VYm>0,

because K is included in a weakly ergodic class. Therefore, (P,,),>1 is weakly
(respectively, strongly) ergodic.

A special case of Theorem 3.10 (which, in particular, can be also applied
in the case P, — P as n — o0) is the following result.

THEOREM 3.12. Let

n O
P, = @ , Vn>1,
R, T,

be a Markov chain and (K1, Ks) € Par (S), where (P”)gi =Qn, Vn>1. If
(i) K1 is included in a weakly (respectively, strongly) ergodic class;
(ii) 1), is lower triangular, ¥Yn > 1, or it is upper triangular, Vn > 1;
(iii) H (Pn)“ =0,Vit>1, Vi € Ko,

n>t
then (P )n>1 is weakly (respectively, strongly) ergodic.

Proof. 1t is sufficient to prove that (P,),>1 is strongly ergodic on K>
since, by Theorem 3.10, we obtain weak (respectively, strong) ergodicity. Ob-
viously,

lim (Ppn)i? =0, Ym > 0.

n—oo

It remains to prove that

lim (Prn)? =0, Ym > 0.

n—oo
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Let m > 0. Then for my,ma,...,m, > 1, where u = |Kjy|, setting ¢ =
m+my+ - +my, YVt € {1,2,...,u}, we have

K K K K. K.
(Prg) ity = Py Paraz -+ Paur.a0) k3 = (P )i (Pava2) iy -+ - (P10 iy
Further, by (ii) and (iii), the matrices

. Ko 1: K . K
lim sup (Pm,ql)[é , limsup (qum)Kz ,..., limsup (Pqu—hqu)Kz

mi1—00 mo—00 My, — 00
are strictly lower triangular, if 7, is lower triangular, Vn > 1, or they are

strictly upper triangular, if T;, is upper triangular, Vn > 1. It follows that

limsup limsup ... limsup (quu)% =0.

mi1—0o0 mo—00 My — 00
This yields
; K
nh_)ngo(Pm,n)Kz =0. O

Remark 3.13. Clearly, (ii) and (iii) from Theorem 3.12 imply that Ji €

K5, 3j € Ky such that ) (P,);; = oo.
n>1

Remark 3.14. As to reliability theory we mention that all chains from [6]

verify (i) from Theorem 3.12 with K; = {r} (here P,, = < 181 gn >, Vn > 1)
n

in the ‘strongly’ case. Moreover, the chain given by (2.2) from [6] also verifies
(ii); if (iii) also holds, then it is strongly ergodic.

Remark 3.15. Theorem 3.10 or Theorem 3.12 can be used for each
Markov chain (P}),,~, whose perturbation of the first type is (P,),>1 there,

n

ie, > [P — Pl < oo (see [1] or [20]). E.g., if

n>1
1-1 0 o=
Pl i ik & | wesn
T 0 L=

10 0
P=| 0 1-% & , Vn>1

1 1

w 0 1-5

Further, since, by Theorem 3.12, (P,,),>1 is strongly ergodic, it follows that
(P}),>1 1s strongly ergodic (see [1] or [20]). Moreover, they have the same
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limit (see [1] or [20]), namely,

=
O OO
o O O

Remark 3.16. Theorems 2.7 and 3.12 can be also used to determine 7'
from a basis (K1, Ka,...,K,,T) of a strongly A-ergodic Markov chain or,
more generally, of a tail indempotent (see [7], [18], and [19]).

FEzercise 3.17. Let

O 3=

1
pos , Vn>1.
0 0 1
Prove that the chain is weakly ergodic (weak ergodicity and {3} included in a
strongly ergodic class imply strong ergodicity) using:
(i) Theorem 3.1 (of J. Hajnal);

(ii) Theorem 3.12.
Then compare the sizes of the computations.

4. UNIFORM WEAK A-ERGODICITY

In this section we give some results on uniform weak [A]- or A- ergodicity
for a chain (P,)p>1 with P, — P as n — oc.

Definition 4.1 ([12]). Let i,5 € S. We say that ¢ and j are in the same
uniformly weakly ergodic class if Vk € S we have

lim | (Posmin) i = (Promn) | =0

n—0o0

uniformly with respect to m > 0.

Write ¢ ~ j when i and j are in the same uniformly weakly ergodic class.
Then ~ is an equivalence relation and determines a partition (Uh,Us,...,U0h)
of S. The sets Uy,Us, ..., U; are called uniformly weakly ergodic classes.

Definition 4.2 ([14]). Let A = (Uy,Us,...,U;) be the partition of uni-
formly weakly ergodic classes of a Markov chain. We say that the chain is
uniformly weakly A-ergodic. In particular, a uniformly weakly (5)-ergodic
chain is called uniformly weakly ergodic for short.

Definition 4.3 ([15]). Let (Uy,Us,...,U;) be the partition of uniformly
weakly ergodic classes of a Markov chain with state space S and A € Par (5).
We say that the chain is uniformly weakly [A]-ergodic if A < (Uy,Us,...,U).



300 Udrea Paun 22

Definition 4.4 ([14]). Let A € N,, and A € Par ({1,2,...,m}). We say
that A is a [A]-scrambling matriz if ya (A) > 0.

Definition 4.5. Let A € N, and A € Par ({1,2,...,m}). We say that
A is a A-scrambling matriz if A is the least fine partition for which A is
a [A]-scrambling matrix. In particular, an (S)-scrambling matrix is called
scrambling for short.

Definition 4.6 ([14]). Let A € N, and A € Par ({1,2,...,m}). We say
that A is a [A]-mizing matriz if 3n > 1 such that ya (A™) > 0.

Definition 4.7. Let A € N, and A € Par ({1,2,...,m}). We say that A
is a A-mizing matriz if A is the least fine partition for which A is a [A]-mixing
matrix. In particular, an (S)-mixing matrix is called mizing for short.

Definition 4.8. Let A € Ny, ,. We say that A is a generalized stochastic
matriz if 3a >0, 3B € S,,,, such that A = aB.
Let

Ga = {P | P€ S, and VK, L € A, PI% is a generalized stochastic matrix} ,

where A € Par (5).

Definition 4.9 ([15]). We say that a Markov chain (P,), -, is [A]-groupable
it P, € Ga,Vn > 1. -

A uniform weak [Al-ergodicity result in the case P, — P as n — oo is
as follows.

THEOREM 4.10 ([15]). Consider a [A]-groupable (finite) Markov chain
(Pp)n>1 such that lim P, = P. Then the chain is uniformly weakly [A]-

n—oo
ergodic if and only if P is a [A]-mizing matriz. More generally, this equiva-
lence still holds if 3k > 1 such that lim P, 4, = P.
n—oo

Proof. See [15]. O

As to uniform weak A-ergodicity in the case P, — P as n — oo is the
following result.

THEOREM 4.11 ([15]). Consider a [A]-groupable Markov chain (Pp)n>1
such that lim P, = P and |A| < 2. Then the chain is uniformly weakly A-

ergodic if and only if P is a A-mixing matriz. More generally, this equivalence
still holds if 3k > 1 such that lim P, i =P and |A| <2.

Proof. See [15]. O

The condition |A| < 2 from Theorem 4.11 can be removed for one of the
implications. This is showed in the following result.
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THEOREM 4.12. Consider a [A]-groupable Markov chain (P,)p>1 such
that lim P, = P. If P is a A-mixing matriz, then the chain is uniformly

n—oo

weakly A-ergodic. More generally, this implication still holds if Ik > 1 such
n—od

Proof. Let k > 1 such that lim P, ,4r = P. To prove that the chain
n—oo

(Pp)n>1 is uniformly weakly A-ergodic we use the following result. If we have
a [A]-groupable Markov chain (P,),>1 and A is the least fine partition for
which da > 0, Jug > 1 such that

YA (Pm,m—i-uo) > a, vm > O,
then the chain is uniformly weakly A-ergodic (see [15] or [19]).
Let A’ be the least fine partition for which Ja > 0, Jug > 1 such that
Yar (Poymeug) = @, Ym > 0.

We show that A’ = A. Note that if Q € S, is a Aj-mixing matrix and

Ya, (Q™) > 0, then As < Ay, where Ay, Ay € Par (S). Further, the conti-

nuity of yar, lim Py, pink = P", Vn > 1, and P is a A-mixing matrix (see
m—0o0

Definition 4.7) implies that

a < limsup ya/ (Pmmtue) < Hmsupyar (Pomnk) =

m—0o0 m—0o0

= lim YA (Pm,m+nk) = YA (Pn) s vn > 1, nk > uo
m—o0

(we also used the inequality YA’ (P m+nk) = YA? (Prm,m+4uo) ; this follows from
Ya (AB) <7a (A) & (B),a (A) <1, and YA (A) =1 —ya(A), VA, B € S,,
VA € Par (S) (see [14])). Therefore, A’ < A. If we prove that Ja > 0, Jug > 1
such that
YA (Pm,m—l-uo) >a, Ym =0,
then A’ = A. Since P is a A-mixing matrix, Ing > 1 such that ya (P™) > 0.
Then
lim YA (Pm,m—i-ngk) =7A (Pno) > 0.

m—00

Hence da > 0, Idmg > 0 such that
AN (Pm,m+n0k) > a, VYm > my.
Since Ya (A) = 1—ya(A), VA € S, and Ya (AB) <7a (A) 7a (B), VA € Ga,
VB € S,, where A € Par (S) (see [15]), we obtain
&A (Pm,m+mg+ngk) S’yA (Pm,m—i—mo) &A (Pm+mg,m+mo+ngk) <
S&A (Pm+m0,m+mo+ngk) < 1— a, vm > 0.
This yields
YA (Pm,m—i—mo—i-nok) >a, VYm >0,
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ie, da >0, Jug > 1 (e.g., up = mg + nok) such that
YA (Pm,m—l-ug) >a, Vm>0.

Therefore, A’ = A. It follows that the chain (P,),>1 is uniformly weakly
A-ergodic. [

Remark 4.13. The statement ‘the chain (F,),>1 is uniformly weakly A-
ergodic if and only if P is a A-mixing matrix’ is false. Indeed, let (as in [19])

0
0

1
53 0

[
= O

P,=P= . Vn> 1.

1

2
This chain is uniformly weakly ({1},{2},{3})-ergodic, but P is not an
({1},{2},{3})-mixing matrix (moreover, here A € Par ({1,2,3}) such that
P is a A-mixing matrix).
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